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Abstract

We study the explicit representation of the lattice supersymmetry generator first
proposed in [17]. Starting from supersymmetric quantum mechanics we show
that the representation is a natural generalisation of supersymmetric quantum
mechanical models to multiple lattice sites.

We treat the implication of the supersymmetric structure of the Hamiltonian
for the one-dimensional lattice by reviewing [15]. We see that the Witten index
(which provides a minimum bound on the number of ground states) can be
calculated easily and that a mapping of the model on the XXZ Heisenberg chain
is possible. This equivalence can be used to simplify a Bethe Ansatz calculation
of the spectrum.

We present the results of numerical calculations of the Witten index on
various finite lattices in two dimensions. The calculations were done using
row-to-row transfer matrices and the lattices are all given periodic boundary
conditions. We find numerical evidence that the contribution to the index per
site converges to a fixed number with absolute value greater than 1 for the tri-
angular and hexagonal lattice and the square, triangular and hexagonal dimer
lattice. This directly implies extensive ground state entropy. Furthermore, the
fact that these numbers are complex implies that the index does not necessarily
grows with the addition of extra rows.

The Witten index for the square lattice is shown to have special mathemat-
ical properties. It stays relatively small and is equal to one when the number of
rows and columns in the lattice are co-prime. All eigenvalues of the (defective)
transfer matrices are found to lie on evenly spaced strings around the unit circle.
We present some observations on the string structure (separately published in
[18]) but have no proof for their occurrence for general lattice sizes.

The Witten index of the triangular lattice is given by the partition function
of the hard hexagon model with negative activity. We show how the two are
related and comment on the difficulties when attempting to extend the exact
solution of the latter into the negative activity regime.

We end the thesis by a short outlook on possibilities for further research and
possible applications of the supersymmetry structure.
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Chapter 1

Introduction

1.1 General introduction

Theoretical physics is about creating mathematical models that represent dif-
ferent aspects of physical reality in a simplified way. Historically, there are two
roads one can take. One can focus on systems as small as possible, like single
particles, and try to isolate them from their surroundings, the effects of which
are then approximated only roughly. Or one can do more or less the opposite
and concentrate on large systems and approximate the precise nature of the
constituents. It seems that both approaches require different strategies. Statis-
tics, for example, seems to fit in naturally with the latter approach and was in
the first approach only more or less forced upon us by development of quantum
mechanics.

After the development of quantum field theory however, it became clear
that both approaches are two sides of the same coin. It is simply not possible
to isolate a system completely from its surroundings and the mathematical
framework that was developed to deal with this complication in particle physics

turned out to be in many aspects completely equivalent to that of statistical
physics.

It is therefore natural to ask what use theorists working in the one field can
make of techniques originally developed in the other field. In this thesis we will
address this question for a specific concept originating from particle physics:
supersymmetry.

Looking for symmetries in nature is another example of simplifying a math-
ematical description. A system that is symmetric under rotations can be com-
pletely described by looking at it from one angle only -using symmetry trans-

formations one can then easily reconstruct how the system should appear from
different angles. Symmetries also greatly restrict the possible mathematical
equations used in the model. If we know from observation that a system ex-
hibits some symmetry, then the equations describing it should be invariant

under symmetry transformations.
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Supersymmetry is a somewhat subtle symmetry. It has to do with the pos-
sible energy levels of a system of particles. The energy levels, or spectrum, of
such systems are described by a Hamiltonian, the quantum mechanical version
of the energy equation. The Hamiltonian plays an extremely important role.
Almost all behaviour of a given system can be deduced from it. It is therefore
highly interesting to see if we can find any simplifications of its mathematical
structure, like supersymmetry.

This thesis deals with lattice models, models where we have a fixed number
of sites that can be occupied by different types of particles. It is a logical
approximation in condensed matter systems where the likely positions of the
particles are usually restricted. It is also an approximation of a continuous
space, and in many aspects a very good one. In the limit of infinitely many sites
the lattice becomes even indistinguishable from free space.

While several lattice model Hamiltonians with explicit supersymmetry exist
in the literature, most of them are not of great interest from the point of view of
statistical physics because their ground (lowest energy) states contain just small
numbers of particles and the interactions between these particles are therefore
negligible in the limit of large lattices. Recently, an explicit representation of
supersymmetry has been proposed in [17], where the ground states have particle
numbers of the same order as the total number of lattice sites. In this thesis
we will examine the spectrum of the corresponding Hamiltonian in one and
two dimensions. An emphasis will be on a quantity called the Witten index.
It provides a lower bound on the number of ground states of the system and
can be used as an example of how techniques from statistical mechanics can
be successfully combined with supersymmetry to obtain information of physical
interest. We will present some new results on calculations of this index on
various two-dimensional lattices.

1.2 Thesis Outline

We will start with a short introduction into the relevant notions of supersym-
metry. Because we work on a lattice without space-time symmetry, there will
be no need to go into the full mathematical machinery behind supersymmetry.
We can restrict ourselves to supersymmetry mostly as a convenient way of fac-
torising the Hamiltonian. The specific N = 2 supersymmetric representation
under consideration is not our own but taken from the aforementioned publi-
cation. We do place it here in the broader context of supersymmetric quantum
mechanics on multiple lattice sites to show a general strategy to obtain similar
supersymmetric representations.

After this we shortly introduce the relevant concepts of statistical mechanics.
This is mainly for reference and to establish notation.

Next, we examine the one dimensional case in some detail. We use this
chapter to introduce concepts and techniques that we can also use in two di-
mensional calculations. We calculate the Witten index in one dimension, we
show the equivalence between the supersymmetric model and a fine-tuned XXZ-
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Heisenberg spin chain and show how the supersymmetric structure facilitates
the calculation of the spectrum of the latter. All the material here is taken from
[17] and [15].

The following two chapters on two dimensional lattice models contain the
main results of the thesis. Here we present numerical calculations on the Witten
index for various lattice types with (spinless) fermions either on the vertices or on
the links, the latter giving rise to dimer configurations. We look at hexagonal,
triangular and square lattices. For the hexagonal and triangular versions we
show that the contribution to the index per site converges to a complex number
with absolute value greater than one. This indicates extensive ground state
entropy. The results on the square lattice are less informative from a physical
point of view but make up for this by exhibiting a rich mathematical structure
that we do not yet understand completely. A special chapter has been devoted
to the square lattice that treats mainly what has been separately published in
[18]. To the material from the publication is added some more information
on the transfer matrix entries and a treatment of two variations on the square
lattice. If we put small holes in the lattice we obtain similar values for the
Witten index but lose some of the mathematical structure and if we put larger
holes in the lattice the entire structure breaks down.

Following the numerical results and square lattice mathematics we examine
the possible connection between the Witten index, which is in essence a partition
function at negative activity, and positive activity partition functions that have
been solved exactly. The research into this subject has unfortunately produced
no useful results. We give a brief survey of the difficulties one encounters when
attempting to extend these exact solutions into the negative activity regime and
of related issues.

We close with a small outlook at further possibilities for research.

1.3 Acknowledgements

Special thanks go to my supervisor prof. Kareljan Schoutens for giving me to
opportunity to participate in actual theoretical research and at the same time
giving me enough freedom to follow my own whims and ideas. Thanks go to
prof. Paul Fendley for valuable discussions. Of my fellow students I want to
mention Evert Glebbeek especially and thank him for helping me with object
oriented programming and understanding Unix. And of course thanks to the
rest of my fellow students, my friends, my family and my girlfriend for their
support and company.
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Chapter 2

Supersymmetry

2.1 Introduction

Originally, supersymmetry (SUSY) arose in the seventies of the previous cen-
tury as a means of combining in quantum field theory the space-time symmetry
of the Poincaré group with internal symmetries. While there is no experimental
proof for the existence of supersymmetry yet and it is not even implausible that
in a few years experiments will be performed that rule out at least the existence
of the simplest form of supersymmetry, the idea of supersymmetry has not only
survived to this day, but is becoming more and more important in theoretical
physics. There are, aside from the sympathetic argument of mathematical ele-
gance, numerous reasons for this. Supersymmetry has given rise to completely
new developments in mathematics. In quantum field theories, supersymmetry
can be used as a mechanism for the cancellation of certain ultraviolet diver-
gences, a type of problem that is traditionally known to plague these theories.
Supersymmetry is useful in ordinary quantum mechanics as well, as it provides a
means of linking different, seemingly unrelated potentials and makes it possible
to solve the corresponding Hamiltonian of the one by studying the other.

In this thesis, we will study the effects of supersymmetry in a relatively new
setting, namely that of discrete lattice models. Lattice models deal with a finite
number of points in space (or space-time, but we will be treating space and
time differently). Because quantum mechanics can be viewed as quantum field
theory on a single point in space (by treating the position operator x̂ as a field

φ̂(x)), and quantum field theory itself is a continuum theory, lattice theory can
be thought of as somewhere in between those two. While there already existed
lattice models that are supersymmetric in the continuum limit, the model under
consideration here exhibits explicit supersymmetry even in its discrete version,
and is taken from [17].

We will assume no prior knowledge of supersymmetry in this thesis. The
model we consider was originally conceived by taking supersymmetric conformal
field theory as a starting point and then discretising to a finite lattice, but we
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will take a different route and start with supersymmetric quantum mechanics
and then generalise to multiple lattice sites. Supersymmetry will be explained
along the way, with the route via quantum mechanics offering the advantage
that we do not have to explain in too much detail some of the more involved
concepts (like how precisely to extend the Poincaré group) that are mainly of
importance in covariant field theories and are not needed in this thesis anyway.

2.2 Supersymmetric Quantum Mechanics

For a general introduction into SUSY quantum mechanics, our starting point
will be the well known time-independent Schrödinger equation in one dimension,

H(1)Ψ = − ~2

2m

d2Ψ

dx2
+ V (1)(x)Ψ = EΨ. (2.1)

We assume it to be bounded from below. Also, we assume the potential term
to allow only certain solutions: Below some E we only have a finite number of
energy eigenstates Ψ that become zero at x→ ±∞. In the rest of this thesis we

will set ~ equal to 1. Finally we will take the ground state energy E
(1)
0 to be zero.

This will turn out to be extremely convenient in the context of supersymmetry.
The following exposition will follow [13], as far as supersymmetric quantum
mechanics is concerned (For an idea of the applications of SUSY in q.m., see
this book as well. An alternative to the book is the review article [19], co-written
by one of the authors of the book).

2.2.1 Factorisation of the Hamiltonian

The Hamiltonian H(1) can be factorised and be written as

H(1) = A†A, (2.2)

with A of the form

A =
1√
2m

d

dx
+W (x), (2.3)

A† = − 1√
2m

d

dx
+W (x). (2.4)

(The minus sign in A† is caused by integration by parts). From this, we have
for our original potential term V (1):

V (1)(x) =W 2(x)− 1√
2m

W ′(x). (2.5)

At this point it is interesting to look at a Hamiltonian similar to H (1), namely:

H(2) = AA† = − 1

2m

d2

dx2
+ V (2)(x), (2.6)
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with V (2)(x) given by

V (2)(x) =W 2(x) +
1√
2m

W ′(x). (2.7)

The eigenspectra of H(1) and H(2) are closely related. In fact, for any n > 0,

H(1)Ψ(1)
n = A†AΨ(1)

n = E(1)
n Ψ(1)

n (2.8)

directly implies
H(2)AΨ(1)

n = AA†AΨ(1)
n = E(1)

n AΨ(1)
n . (2.9)

The spectrum of the excited states for both Hamiltonians is completely identical.
We see that A and A† play the role of symmetry transformations. When n = 0,

the state Ψ
(1)
0 is annihilated by A, because A†AΨ0 = 0 implies AΨ0 = 0.1 The

fact that in the one-dimensional case the discrete part of the Hamiltonian has no
degenerate eigenvalues assures that we have the solution for the ground state.

Our next step is to combine both H (1) and H(2) into a single Hamiltonian
H. Viewing H as a matrix operator, we write

H =

(
H(1) 0
0 H(2)

)
. (2.10)

The symmetry between H(1) and H(2) is now an internal symmetry in H and
H is said to be supersymmetric.

2.2.2 The supersymmetry algebra

We define two operators

Q =

(
0 0
A 0

)
, (2.11)

Q† =

(
0 A†

0 0

)
. (2.12)

The following commutation and anticommutation relations then describe a closed
Lie superalgebra:

[H,Q] = [H,Q†] = 0,
{Q,Q} = {Q†, Q†} = 0,
{Q†, Q} = H.

(2.13)

(In the case of a Lie superalgebra we sometimes have anticommutation relations
instead of commutation relations. We will come back to this shortly). If there

1A can be written as the sum of two Hermitian operators, A = 1/
√
2(A1+ iA2). In bracket

notation: 〈0|A†A |0〉 = 0⇒ 〈0| (A2
1+A

2
2) |0〉+ i 〈0| (A1A2−A2A1) |0〉 = 0. Both the real and

complex part should be zero independently, leading to 〈A10 | A10〉+ 〈A20 | A20〉 = 0, which
is true only if both A1 |0〉 and A2 |0〉 are zero.
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exist multiple factorisations of the Hamiltonian, we can assign an index to the
factors. If we take these factors to be Hermitian, we have

Hδij = {Qi, Qj}, (2.14)

[H,Qi] = 0. (2.15)

A supersymmetry with m possible factorisations into Hermitian components is
called an N = m supersymmetry. In our case, we can write the generators Q
and Q† as sums of two Hermitian components,

Q =
Q1 + iQ2√

2
, (2.16)

Q† =
Q1 − iQ2√

2
, (2.17)

so it is an N = 2 supersymmetric model we are considering2.
In order to understand what is meant by a Lie superalgebra we first mention

the properties of ordinary Lie algebra’s. For any Lie algebra g the following
holds:

1. g is a vector space over C.

2. g is equipped with an antisymmetric bilinear operation [, ] that maps g×g
onto g.

3. This binary operation [, ] obeys the Jacobi identity

[X, [Y,Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0, X, Y, Z ∈ g.

It is clear that the occurrence of the occasional symmetric binary operation {, }
in (2.13) prevents us from treating it as an ordinary Lie algebra. We need to
generalise the definition of the binary operation and to that end we introduce
graded vector spaces, a mod 2 graded vector space in our case. Vector spaces
can be graded other than mod 2, but in the mod 2 case we call the resulting
graded Lie algebra a Lie superalgebra.

A mod 2 graded vector space V is composed of two vector spaces 0V and
1V , where elements of 0V have grade 0 and elements of 1V have grade 1. We
can take V to be given by 0V ⊕ 1V . To make certain that there is no ambiguity
in the grade of an element of V , we confine ourselves to homogeneous elements
of V (elements that are either of the type 0⊕ v or v′⊕ 0). An alternative would
be to define V as 0V ∪ 1V , the union of 0V and 1V , rather than the direct sum.

We now give the definition of a Lie superalgebra. For any Lie superalgebra
g the following holds:

2This is a simplified version of the actual argument in SUSY field theories. There one
has an N-fold supersymmetry if one has N Majorana type operators. Without spin there is
obviously no such thing as a spin up/down symmetry, but the symmetry between particles
and antiparticles still remains. In the setting that we described above the Hermitian operators
Q1 and Q2 are the analogues of their Majorana counterparts. In a sense, the empty sites are
the ’antiparticles’, as can be seen when creating these sites starting from a lattice completely
filled with fermions.
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1. g is a mod 2 graded vector space over C

2. g is equipped with a bilinear operation [, ] that maps g × g onto g. For
combinations of two grade 0 elements or one grade 0 and one grade 1
element this operation is antisymmetric, but in the case of two grade 1
elements it is symmetric (and sometimes denoted by {, } instead). The
operation is mod 2 grade additive.

3. The binary operation obeys the super-Jacobi identity

(−1)ac[A, [B,C]] + (−1)ba[B, [C,A]] + (−1)cb[C, [A,B]] = 0,

where A,B,C ∈ g and a, b, c the grades of A,B,C.

Note that the notation [, ] no longer automatically implies a commutator. Mod
2 grade additivity means that the grade c of C in [A,B] = C is given by c = a+b
(mod 2).

The elements of a Lie algebra are usually represented by matrices. When
given an element of this matrix representation, we must be able to determine
what grade it is. In (2.13) we have both an explicit matrix representation and
explicit instructions when to use which type of binary operation. From there
we arrive at the Lie superalgebra structure by use of the following convention:
any block diagonal matrix we assign grade 0, any block off-diagonal matrix we
assign grade 1. As said before, linear combinations of the two are not allowed.
We see that H has grade 0, while Q and Q† have grade 1.

2.2.3 Bosons and fermions

Supersymmetry is actually a symmetry between bosonic and fermionic states.
Unfortunately, for two reasons this is somewhat harder to see in the context of
quantum mechanics than in that of quantum field theory. First, an important
difference between bosons and fermions is their spin, and in quantum mechanics
the direct link between spin and statistics is absent and should be taken as an
axiom. Second, the Pauli exclusion principle that plays a crucial role in the
behaviour of fermions, tells us something about combinations of multiple parti-
cles, while quantum mechanics is in essence a theory fit only for the description
of a single particle. To get our point across, we will therefore from here on view
quantum mechanics as quantum field theory in zero spatial dimensions.

We replace position and momentum in quantum mechanics by (real) fields,

x̂ → φ̂ and p̂ → π̂. In field theory, after second quantisation, φ and π become
operators themselves and are functions of x (or p in the momentum representa-
tion). We drop the dependence on x and p from our notation, since we operate
in zero spatial dimensions.

With this in mind, we now look at the example of the harmonic oscillator.
After rescaling to dimensionless variables the Hamiltonian has the form

H = π2 +
φ2

4
− 1

2
. (2.18)
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We can rewrite this in terms of creation and annihilation operators

a† = π + i
φ

2
, a = π − iφ

2
. (2.19)

Using the commutation relation [π, φ] = i we arrive at

H = a†a. (2.20)

In the free field quantum field theory with > 0 spatial dimensions we can write
the Hamiltonian as a sum of infinitely many harmonic oscillators. There we have
both multiple particle states like a†po

a†po
|0〉 and single excited particle states like

a†p1
|0〉. Extending this interpretation to zero dimensional quantum field theory

we are led to interpret what used to be excited single particle states in quantum
mechanics as multiple particle states, since higher energy states are obtained by
successively applying the same creation operator from (2.19).

The operators a† and a obey the commutation relations

[a, a†] = 1, [a, a] = [a†, a†] = 0. (2.21)

This is typical of bosonic operators. It also means that we can view them as
grade 0 elements of our previously defined graded vector space:

a† →
(
a† 0
0 a†

)
, a→

(
a 0
0 a

)
. (2.22)

We thus see a clear link between 0V and bosonic particles. In supersymmetry 0V
is called the bosonic sector. We can define fermionic creation and annihilation
operators ψ† and ψ as well:

ψ† =

(
0 0
I 0

)
, ψ =

(
0 I
0 0

)
. (2.23)

These operators lie3 in 1V and will obey the anticommutation relations

{ψ†, ψ} = 1, {ψ†, ψ†} = {ψ,ψ} = 0. (2.24)

The Pauli exclusion principle is encoded in the fact that (ψ†)2 = 0, and 1V
turns out to be the fermionic sector of the superspace V .

We have explicit definitions for the supersymmetry transforms Q† and Q,
see (2.11). In the harmonic oscillator case we can replace A and A† in (2.11)
by a and a†. (In the more general case the interactions are no longer linear and
there is no longer a simple Fock space description of the bosonic sector). That
supersymmetry is a symmetry between bosons and fermions is shown by writing
Q† = a†ψ and Q = ψ†a, resulting in a supersymmetric Hamiltonian of the form

H = {Q†, Q} =
(
a†a 0
0 a†a+ 1

)
. (2.25)

3They still lie in V to be precise, but can be written as 0⊕ v ∈ 0V ⊕ 1V .
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Figure 2.1: Unbroken SUSY (left) and broken SUSY (right).

We see that Q removes a particle from the bosonic sector and creates a particle
in the fermionic sector and that Q† does the opposite. The energy of the system
is unchanged under this operation, for Q and Q† commute with H. A general
multiple particle state in Fock space can be denoted by |nb, nf 〉. The maximum
fermion occupation number nf is 1. The state with two bosons and a fermion, for
example, is |2, 1〉 = ψ†a†a† |0〉. Its supersymmetric partner state is Q† |2, 1〉 =
|3, 0〉.

2.2.4 Breaking of supersymmetry and the Witten index

Supersymmetry can be broken or unbroken. If the ground state has a supersym-
metric partner state, then the symmetry is broken. The same phenomenon oc-
curs for example in ferromagnets, where the rotational invariance of the Hamil-
tonian is broken by the ground states. In a system with unbroken supersymme-
try the ground state has no partner state, which means that if we take energy
away from the supersymmetric system in some excited state, it will invariably
revert to the same ground state (that is, if there are no multiple ground states
that are not supersymmetric partners, in which case there is some other broken
symmetry at play).

In the previous sections we have been setting E0 to zero. That, and havingH
given by {Q†, Q}, implies an unbroken supersymmetry, for both Q† and Q acting
on |0〉 give zero. This vacuum ground state was by construction in the bosonic
sector. There is a subtlety here: if we add a constant to the ground state energy,
the supersymmetry of course does not suddenly change from unbroken to being
broken (or vice versa in a system where the ground state energy originally was
something other than zero), but H is then no longer given by {Q†, Q}. From
this point on we will take H = {Q†, Q} as given and E0 as an unknown.

We see that supersymmetry is unbroken if and only if E0 is precisely zero.
For any given supersymmetric Hamiltonian, it is a far from trivial matter to
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decide whether or not this is the case. In a perturbative expansion for example,
it is very well possible that, though the ground state energy may appear to
be zero at the tree level, tiny correction terms take it away from zero and the
supersymmetry is still broken. These and other issues concerning the breaking
of supersymmetry have been addressed by Witten in two key articles on the
subject, [32] and [33].

Witten has introduced an index quantity in order to obtain more information
on the question whether supersymmetry is broken or not, the Witten index. It
is defined as the difference between the number of bosonic and fermionic states:

W = Tr(−1)F , (2.26)

where F is the fermionic number operator. In terms of fermionic creation and
annihilation operators it can be written as ψ†ψ and its eigenvalues are nf . The
trace is over all states in Fock space. If convergence of this trace is a problem,
one can take W to be given by

W = lim
β→0

Tr(−1)F e−βH . (2.27)

For any finite dimensional Fock space the result is the same. If convergence
is not an issue, one does not even need to take the limit, for all excited states
where the exponent is unequal to zero cancel pairwise. This invariance under
the change of β is the reason we call W an index operator.

A calculation of W can have the following different results:

1. W = 0, and there are no zero energy ground states. Supersymmetry is
broken.

2. W = 0, and there are as many bosonic ground states as there are fermionic.
These are no partner states, so supersymmetry is unbroken.

3. W 6= 0. There must be zero energy ground states, because all excited
states must cancel pairwise. Supersymmetry is definitely unbroken.

In general, only when W 6= 0 we have a conclusive answer to the question
whether or not supersymmetry is broken.

In the case of supersymmetric quantum mechanics or zero spatial dimen-
sional quantum field theory there are only two possibilities for W . It is either
0, meaning supersymmetry is unbroken, or 1, meaning we have a bosonic zero
energy ground state.

2.3 Lattice Models

It is interesting to try to generalise the model described above to multiple sites.
To this end, let us imagine a lattice (two dimensional, for example, with periodic
boundary conditions in both directions) where on each lattice site we can have
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either no particles or a single fermion. The fermion creation and annihilation
operators c†i and ci (i labelling the lattice site) anticommute:

{c†i , cj} = δij . (2.28)

In this thesis we will work with spinless fermions4. Out of these operators we
can create bosonic operators. The fermionic number operator F for example, is
given by

F =
∑

i

c†i ci. (2.29)

F is a bosonic operator, [F, F ] = 0. The Hamiltonian is a bosonic operator as
well.

In order to generalise Q† and Q, we recall that they can be written as the
product of a bosonic and a fermionic operator. As a first attempt at finding
an interesting supersymmetric lattice Hamiltonian, let us take I as the bosonic
operator and sum over the lattice sites. The resulting operators are

Q† =
∑

i

c†i I, Q =
∑

i

ciI. (2.30)

The corresponding Hamiltonian is supersymmetric indeed, but turns out to be
highly trivial:

H = {Q†, Q} =
∑

i,j

δij = N, (2.31)

where N the number of sites. Note that this Hamiltonian represents a broken
supersymmetry.

Evidently, what we want is a set of supersymmetry generators that gives us
a more interesting Hamiltonian. We would like to have interaction terms that
represent interactions between sites and neighbouring sites, so that we can make
a connection with Hamiltonians common in statistical physics.

Such a representation is found in [17]. It is more or less the simplest non-
trivial representation that contains fermion creation and annihilation operators
alone. On the one-dimensional chain with periodic boundary conditions we take
the following bosonic operator: (I− c†i−1ci−1)(I− c†i+1ci+1). This operator will
lead to a Hamiltonian with nearest-neighbour interaction terms. It gives zero
when one of the two sites neighbouring site i is occupied and has no effect when
both neighbouring sites are free. We now find

Q† =
∑

i

c†i (I− c†i−1ci−1)(I− c†i+1ci+1), (2.32)

Q =
∑

i

ci(I− c†i−1ci−1)(I− c†i+1ci+1), (2.33)

4Spinless fermions are of course a purely theoretical construction, but a generalisation to
models with spin turns out to be surprisingly difficult. We will only briefly return to this in
the final chapter.
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resulting in the following Hamiltonian:

H =
∑

i

∑

j next to i

P<i>c
†
i cjP<j> +

∑

i

P<i>. (2.34)

For notational convenience we have defined

P<i> ≡
∏

j neighbouring i

Pj ≡ (1− c†i−1ci−1)(1− c†i+1ci+1). (2.35)

The highly interesting properties of this Hamiltonian on the one-dimensional
chain and of a generalisation to various two-dimensional lattices will be studied
in the rest of the thesis.

The graded vector space

We can interpret c†i and ci as operators on a graded vector space:

c†i =

(
0 0
I 0

)

i

, ci =

(
0 I
0 0

)

i

. (2.36)

The SUSY generators that we constructed above have the form:

Q† =
∑

i

(
0 0
I 0

)

i

⊗
(

I 0
0 0

)

i−1

⊗
(

I 0
0 0

)

i+1

,

Q =
∑

i

(
0 I
0 0

)

i

⊗
(

I 0
0 0

)

i−1

⊗
(

I 0
0 0

)

i+1

. (2.37)

There are of course more possibilities for the representations of Q†, Q. The
one presented here has the advantage that we can restrict ourselves of to the
Hilbert subspace that contains only hard particle states, meaning states where
no neighbouring positions are occupied. The projection operators P ensure
that we stay in this subspace. This restriction to a subspace in turn has the
advantage that we have interesting ground states from a condensed matter point
of view where the fermion filling is of the same order as the total number of sites
of the system. We will come back to this in chapter 8, where we will discuss
possible extensions of the model as it is presented here.

2.4 Context

Supersymmetry has its roots in early string theory, where it was used as a means
to extend the conformal symmetry of the world sheet (which is the ’ribbon’ gen-
erated as a string travels through spacetime. It can be endowed with its own
metric that is invariant under conformal transformations). As was shown in this
chapter, SUSY leads to a superalgebra where we sometimes have anticommuta-
tion relations instead of commutation relations. In fact, it was shown in 1967
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by Coleman and Mandula [12] using the analyticity properties of the scattering
matrix that it is impossible to combine space-time symmetry with some internal
symmetry in a nontrivial way5 within a normal algebra.

Taking the hint from string theory, in 1974 Wess an Zumino [31] were among
the first to construct supersymmetry in four spacetime dimensions. In 1981,
Witten was the first to translate this to a quantum mechanical setting [32],
where one only needs a subalgebra of the Poincaré / SUSY algebra. In quantum
mechanics there is a clear connection between the SUSY structure and factori-
sation of the Hamiltonian, something which had been studied by Schrödinger
[30] as early as 1941.

Since 1982, various people have extended SUSY quantum mechanics to mul-
tiple lattice sites. Among the first were de Crombrugghe and Rittenberg [14],
who added indices to the SUSY generators labelling the lattice sites. To our
best knowledge, the 2003 paper by Fendley, Schoutens and De Boer [17] how-
ever is the first that offers an explicit representation in terms of purely fermionic
degrees of freedom.

5What is nontrivial about equation 2.13, for example, is {Q†, Q} = H, which ensures that
both symmetries are really interconnected.
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Chapter 3

Lattice Models in
Statistical Physics

3.1 Introduction

This chapter is mainly intended as a short summary of the relevant physics of
lattice models and to establish notational conventions that will be used in this
thesis. At least a passing familiarity with the subject is assumed. For a concise
and clear treatment of ensemble theory, see for example [11]. A book on lattice
models that specialises in exact solutions of the partition function is [7]. The
difference between quantum and classical lattice models is treated in [28].

3.2 The Partition Function

Statistical physics is the study of the collective behaviour of many interacting
particles, the number of these particles being so large that approximations are
necessary. At any given time the system of particles is in some specific quantum
state (or at some point in a multiple particle phase space, for classical systems).
We assume a canonical distribution of states, meaning that every state is equally
likely to occur. Because keeping track of the evolution of all quantum numbers
(or variables) specifying a single state is practically impossible, one uses prob-
ability distributions that merely specify the chance of finding the system in a
given state, or in an ergodic1 system left to itself for long enough, the average
amount of time spent in a given state divided by the total time.

The probability Pi for the system to be in a state i, can be expressed in terms
of the energy of that state. Imagine the system to be in thermal and diffusive
contact with a heat bath at temperature T . The heat bath is a theoretical
construction allowing the system to have fluctuating energy and fluctuating

1An ergodic system has the property that, given enough time, every single state occurs at
least once.

18



particle number (without the bath the particles and energy simply would have
nowhere to go). The bath contains a very large (approaching infinity) number of
particles Nb and has an energy Eb. The total number of particles of the system
plus bath is fixed at Nt, the total energy at Et. We fix the system at a state i.
In this state the system contains Ni particles and has an energy Ei. The particle
number and energy of the bath are now fixed as well, but the precise state of
the bath is not. Denoting the number of states the bath can possibly have
under these restrictions by Ω(Eb, Nb), and recalling that we assume a canonical
distribution of states, it is clear that

Pi ∝ Ω(Eb, Nb) = Ω(Et − Ei, Nt −Ni), (3.1)

the probability of finding the system in state i is proportional to the number of
states still possible for the bath. The constant of proportionality follows from
the requirement that all possibilities add up to one.

The number of states Ω can be expanded in a Taylor expansion around
(Et, Nt). We will do this for lnΩ:

lnΩ(Et − Ei, Nt −Ni) = lnΩ(Et, Nt)− Ei
∂ lnΩ(E′, Nt)

∂E′
|E′=Et

−Ni
∂ lnΩ(Et, N

′)

∂N ′
|N ′=Nt

+ . . . (3.2)

lnΩ is also known as the entropy S of the system. Using the thermodynamic
identity

dE =

(
∂E

∂S

)

N,V

dS +

(
∂E

∂N

)

S,V

dN +

(
∂E

∂V

)

S,N

dV,

= TdS + µdN − pdV, (3.3)

we find
1

T
=

(
∂S

∂E

)

N,V

, − µ
T

=

(
∂S

∂N

)

E,V

. (3.4)

We can now rewrite (3.1) as

Pi ∝ eµβNi × e−βEi , (3.5)

β being the inverse of T . The Boltzmann constant kB will be set equal to one.
Higher order terms in the Taylor expansion have been dropped. This is allowed
when we take the heat bath large enough.

The probability distribution should be normalised. Doing so gives us the
constant of proportionality and the final result for Pi is

Pi = Z−1eµβNi × e−βEi , (3.6)

where Z is given by

Z =
∑

i

eµβNi × e−βEi ≡
∑

i

zNie−βEi . (3.7)

19



Z is called the grand canonical partition function. z is often used as an abbre-
viation for the chemical potential term. It is also known as the activity or as
the fugacity of the system. We can now calculate the mean value of different
quantities X:

< X >=
∑

i

XiPi = Z−1
∑

i

Xiz
Nie−βEi . (3.8)

If we no longer allow for diffusive contact with the heat bath, the number of par-
ticles becomes fixed at some f . When normalising the probability distribution,
we no longer need to take in account different values of f . We have a canonical
partition function Zf ,

Zf =
∑

i

e−βEi . (3.9)

The subscript f is used to distinguish between the two partition functions. Both
partition functions are related by

Z =
∑

f

zfZf . (3.10)

An example of the use of Zf is the calculation of the mean energy for the non-
diffusive system:

〈E〉 = Z−1
f

∑

i

Eie
−βEi = −∂Zf

∂β
. (3.11)

This example clearly illustrates the central importance of the partition functions
in statistical physics. The argument used to obtain Pi is a standard argument
that appears in most textbooks on statistical physics, and is included here to
emphasise this importance of Zf . Any lattice model for which Zf is known
analytically is said to be solved exactly.

3.3 Transfer Matrices

3.3.1 One dimensional chain

The partition function is a weighed sum over all possible states. To introduce a
useful device for the calculation of the partition function, let us look at a one-
dimensional periodic lattice gas with sites si with nearest neighbour interaction
that can be occupied (si = 1) or unoccupied (si = 0). Its partition function is
given by

Z =
∑

states

zfe−βE =
∑

states

zfe−β
∑

i h(si,si+1). (3.12)

This can be rewritten as

Z =
∑

states

∏

i

zsie−βh(si,si+1). (3.13)

The exponent in this equation can have four possible values, depending on
whether the spin sites si and si+1 are occupied or not. We can group these
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values in a two dimensional matrix Tsisi+1
. We can now write the partition

function as
Z = Tr TN , Tsisj

= zsie−βh(si,sj), (3.14)

where N the total number of sites. The trace reflects the periodic boundary
conditions. In a matrix product we take the column index of the left matrix
equal to the row index of the right matrix and sum over their possible values,
so a multiple matrix product systematically sums over all possible options for
the spin chain. The matrix T is known as the transfer matrix. Instead of using
T we could also have used a different transfer matrix T′, given by for example

T′ = T2, (3.15)

and write Z as
Z = Tr (T′)N/2. (3.16)

The matrix T′ adds two sites to the chain at once instead of just one and
illustrates the following point: we can can construct the transfer matrices in
any way we like, as long as we include all possibilities.

3.3.2 Row-to-row transfer matrices

We can generalise this procedure to two or more dimensions. For the m × n
square lattice, for example, we can look at whole rows at once. If we label the
sites of the first row 1, . . . n from left to right and second row sites n+1, . . . , 2n
etc. we get

Z =
∑

states

m−1∏

i=0

zsin+1+sin+2+···+sin+neh(sin+1,sin+2,...,sin+n;sin+n+1,...,sin+2n).

(3.17)
The corresponding transfer matrix would be the 2n dimensional matrix

Ts1s2...sn,s′1s
′
2
...s′n

≡ Tss′ , (3.18)

with the two vector indices running over all possible values of a single row. We
can denote these possible index values by an integer running from 0 to 2n − 1
as well, as long as we have unambiguously assigned to every integer a single
configuration s1 . . . sn. An obvious choice for this mapping would be treating
the configurations as binary numbers, such that 0 . . . 00 → 0, 0 . . . 01 → 1 etc.
This is convenient for computational calculations as well.

When some configurations on the row are forbidden, as is the case with
nearest-neighbour exclusion, they can be left out when constructing the transfer
matrix. Its dimension will then turn out smaller than 2n.

3.3.3 Further possibilities

There are other possibilities beyond row-to-row transfer matrices. The key is
that we need to divide the lattice into segments that have two neighbours at
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most. If the segment has one neighbour only, like for example a segment at the
boundary has when we choose fixed boundary conditions instead of periodic, it
can be represented by a vector instead of a matrix. We would no longer have
to take the trace in the fixed boundary case.

We could generalise to three dimensions and construct plane-to-plane ma-
trices. Or stay in two dimensions and look at entire quadrants at once and
have Z = Tr T4, (we would have to treat the central spin site specially). The
problem is of course that the more sites we include per matrix, the more diffi-
cult it becomes to construct the matrix as there are more internal spins to sum
over (compare T′ to T in the one dimensional example). The transfer matrices
adding entire quadrants are called corner transfer matrices (CTMs), and may
seem useless at first. Their (unexpected) usefulness will be shown in a later
chapter.

3.3.4 The use of transfer matrices

The transfer matrix method for calculating Z is powerful because the trace is
invariant under basis transforms. This has an important consequence, for it
implies that we can diagonalise the transfer matrix and still get the same result
for Z if we just substitute the diagonal matrix for the original one. In quantum
lattice models, where Z = Tr zF exp[−βH] (with H the Hamiltonian), we can
use any complete set of vectors, not just the eigen states of the Hamiltonian.

Once we’ve calculated the eigenvalues of T, adding extra sites (or rows,
planes or quadrants) to the system becomes trivial: Z changes from tm1 + tm2 +
· · ·+tmn′ to tm+1

1 +tm+1
2 + · · ·+tm+1

n′ , where ti are the eigenvalues, m the number
of sites (or rows etc.) and n′ the dimension of the matrix2. In the cases where
we can allow m to grow indefinitely, Z can be approximated by the mth power
of the largest eigenvalue. The approximation becomes exact as m→∞.

Finally, in the case where βH → 0 but βµ not, the partition function be-
comes a powerful combinatorial tool, counting states with a weight determined
by the particle number only:

Z =
∑

states

zf . (3.19)

3.4 Quantum and Classical Lattice Models

It might be useful to recall the differences and similarities between classical and
quantum lattice models, because further in the thesis we will come across both
types. The relations between the two models are discussed quite clearly in [28].

In quantum physics, the properties of a system are no longer represented by
a set of variables that make up the phase space of the system but by a quantum
state in Hilbert space. From this quantum state information is obtained through
applying the operator versions of the classical variables. The difference, of

2The dimension n′ is of course usually different from the number of columns n.

22



course, is quantum uncertainty. While a position in phase space corresponds
to a completely determined set of variables, a position in Hilbert space is, in
general, not a simultaneous eigenstate of all operators.

Let us consider for example the quantum Ising chain in one dimension (pe-
riodic boundary conditions):

H = −Jg
∑

i

σ̂xi − J
∑

i

σ̂zi σ̂
z
i+1. (3.20)

The quantum partition function for this system is given by:

Z =
∑

i

〈i| e−βĤ(σ̂x,σ̂z) |i〉 . (3.21)

In the case where g = 0, H becomes independent of σ̂x and we have a basis
of eigenstates of the spin operator in the z-direction that is also a basis of the
Hamiltonian. For all practical purposes, this system behaves like a classical
Ising chain given by

H = −J
∑

i

σzi σ
z
i+1, (3.22)

where the operators have been replaced by variables that can take one of two
values (+1,−1). This replacing of operators by their eigenvalues is possible only
when there are no non-commuting operators present.

There is also a formal mapping between a d-dimensional quantum system
and a D = d + 1 dimensional classical system. To illustrate this, let us start
with the classical D = 1 chain from equation (3.22), but with an external field
in the z-direction:

H = −J
∑

i

σzi σ
z
i+1 − h

∑

i

σzi . (3.23)

As was explained in section 3.3, the partition function for this system can be
calculated using the transfer matrix method. The two transfer matrices needed
here are:

T1 =

(
eJ e−J

e−J eJ

)
, T2 =

(
eh 0
0 e−h

)
, (3.24)

where the temperature dependence is absorbed in the coupling constants. The
partition function is now given by

Z = Tr (T1T2)
N . (3.25)

If we view the spin position numbered by j as a discrete version of a contin-
uous position τ = j × a, where a the distance between two adjacent sites, we
can calculate the correlation between two spins and express the result in terms
of a correlation length ξ:

〈σz(τ)sz(0)〉 = (tanh(J))j ≡ e−|τ |/ξ. (3.26)
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The limit where the correlation length is much larger than the lattice spacing
is also the large J limit. In this case we can write the transfer matrices as

T1 ≈ ea(−E0+(1/2ξ)σ̂x), T2 = eah̃σ̂
z

, (3.27)

with E0 = −J/a and h̃ = h/a. If we multiply a by an imaginary factor i and

look at the case where it is very small and we are allowed to approximate eÂeB̂

by eÂ+B̂ we find
T1T2 ≈ e−iaHQ , (3.28)

where

HQ = E0 −
1

2ξ
σ̂x − h̃σ̂z. (3.29)

The Hamiltonian HQ clearly describes a quantum system, for it contains non-
commuting operators. The matrix product T1T2 now looks very similar to the
quantum mechanical time evolution operator of the one site system HQ. But we
are not summing over possible paths through time but calculating a partition
function by summing over all possible energies instead. Because that can be
viewed as a summation over all possible temperatures, the imaginary length of
the chain iτ can be viewed as the temperature of the quantum system. For
this reinterpretation we have to sacrifice one dimension of the system and that
is what accounts for the difference in dimension between the quantum and the
corresponding classical system.

Further in the thesis we will not employ this mapping betweenD-dimensional
classical systems and d-dimensional quantum systems. We will sometimes use d-
dimensional classical systems to obtain information on d-dimensional quantum
systems. To avoid confusion, it is useful to keep in mind in each case just how
the quantum and classical systems are related.
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Chapter 4

The One Dimensional Case

4.1 The Model

In section 2.3, we first introduced the spinless fermion lattice model that is our
main subject. Its Hamiltonian is given by

H =
∑

i

∑

j next to i

P<i>c
†
i cjP<j> +

∑

i

P<i>, (4.1)

where for notational convenience we had defined

P<i> ≡
∏

j neighbouring i

Pj ≡ (1− c†i−1ci−1)(1− c†i+1ci+1). (4.2)

The operator P<i> is a projection operator, with P 2 = P . it returns zero if a
site next to i is occupied and has no effect if this is not the case. In equation
4.2, it is written out for the one dimensional case that we will be studying in
this chapter.

We can have both fixed boundary conditions and periodic boundary condi-
tions. In the following we will use periodic boundary conditions unless stated
otherwise. Different states can be created from zero particle state |∅〉 by apply-
ing the creation operator. We adopt the convention

|ab . . . z〉 ≡ c†ac
†
b . . . c

†
z |∅〉 . (4.3)

Because we are dealing with fermions, the ordering is of importance. |12〉 is equal
to − |21〉. This has consequences when the system contains an even number of
fermions. The translation of a fermion over the boundary then adds an extra
minus sign.

The state without particles |∅〉 is not the ground state, but turns out to
be the highest energy state. Because the fermion number is preserved by the
Hamiltonian, H has a block diagonal structure and can be written as

H = H0 ⊕H1 ⊕ · · · ⊕Hn, (4.4)
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Figure 4.1: The spectrum of the N=6 chain with p.b.c.

the subscript denoting the number of fermions. For example, when N = 6, H2

will be given by

H2 =




3 1 0 0 0 0 0 −1 0
1 2 1 1 0 0 0 0 −1
0 1 3 0 1 0 0 0 0
0 1 0 3 1 0 0 0 0
0 0 1 1 2 1 1 0 0
0 0 0 0 1 3 0 1 0
0 0 0 0 1 0 3 1 0
−1 0 0 0 0 1 1 2 1
0 −1 0 0 0 0 0 1 3




. (4.5)

Here the states are ordered as follows: |13〉, |14〉, |15〉, |24〉, |25〉, |26〉, |35〉,
|36〉, |46〉. The values on the diagonal of H2 are caused by the second part
of the Hamiltonian that counts the positions where fermions could be put (or
are put already). The off-diagonal terms are the result of the kinetic part of
the Hamiltonian. Note the occasional minus sign where fermions were hopped
across the boundary.

The complete spectrum for N = 6 is given by figure 4.1. Supersymmetric
pairs are drawn connected by a line. The two ground states are

|14〉 − |15〉 − |24〉+ 2 |25〉 − |26〉 − |35〉+ |36〉 ,

− |13〉+ 3 |14〉 − 2 |15〉 − 2 |24〉+ 3 |25〉 − |26〉 − |35〉+ |46〉 .
These ground states were found by explicit evaluation of the Hamiltonian. This
method is clearly not a realistic option for large N . An alternative would be
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using a Bethe Ansatz procedure. Because this is somewhat involved, we will
first look at the Witten index. This index gives a lower bound on the number
of ground states, due to the pairwise cancellation of the excited states.

4.2 the Witten Index

The Witten index was defined as the difference between bosonic and fermionic
states of the model. When calculating the Witten index we sum over all possible
states, assigning an extra minus sign to fermionic states to obtain a difference
through the use of the factor (−1)F . Recalling the definition of the grand
canonical partition function Z,

Z =
∑

states

zf × e−Ei , z = eµ, (4.6)

with the temperature dependence absorbed in µ and Ei, we see that the Witten
index is exactly similar to Z with an imaginary chemical potential µ = iπ.
This has important consequences. Foremost, this means that we can calculate
W by borrowing techniques we already know from statistical physics for the
calculation of Z (transfer matrices in particular). The cancellation of excited
states means that, if convergence of the sum is not an issue, we can drop the
dependence of on Ei altogether and we are calculating the negative activity
partition function of a classical system that has all energies equal to zero. In
the case of lattice models where Z is known analytically, it is interesting to see
if we can continue this analytic solution to imaginary values for µ.

Before calculating the Witten index using transfer matrices however, we
will do something different. The calculation of W is basically a combinatorial
problem, so we can approach it from combinatorics or graph theory. We will do
the latter.

4.2.1 Calculation of W using graph theory

The 1D lattice with periodic boundary conditions is a circuit graph, a connected
graph that is regular of degree 2. (See fig. 4.2 for an example, with 8 sites).
The degree of a vertex is given by the number of vertices adjacent to it. The
graph is symmetric under interchange of edges and vertices. The chain without
p.b.c. is called a path.

An r-matching in a graph G is a set of r edges, no two of which have a vertex
in common. With p(G, r) we denote the number of r-matchings in G. The
matchings polynomial µ (no connection to the chemical potential µ is implied!)
is defined by

µ(G, x) =
∑

r≥0

(−1)rp(G, r)xn−2r. (4.7)

If we take the edges as the sites of our 1D lattice and take x = 1 we see
immediately that µ yields the Witten index. Determining the matchings poly-
nomial therefore automatically gives a formula for the Witten index, not only
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Figure 4.2: The circuit graph C8 and the path P5.

for circuit graphs but for more general graphs as well, where we identify the
edges with lattice sites.

For a path Pn we obtain

p(Pn, r) =

(
n− r
r

)
. (4.8)

This can be seen as follows (see page 1 and 2 of [20]). We can view a path
as running from left to right and for a given r-matching contract every marked
edge onto its left vertex. If we mark these vertices we obtain a path with n− r
vertices, r of them marked. The number of ways to distribute r marked points
over n− r sites is of course given by (4.8).

From this we can obtain p(Cn, r). If we take one edge of Cn as our starting
point the number of distributions is equal to the number of distributions with
this edge marked plus the number of distributions with this edge unmarked.
Now we can write our matching in terms of matchings on Pn:

p(Cn, r) = marked + unmarked = p(Pn−2, r − 1) + p(Pn, r), (4.9)

which can be rearranged to produce

p(Cn, r) =

(
n− r − 1

r − 1

)
+

(
n− r
r

)
=

n

n− r

(
n− r
r

)
. (4.10)

The resulting formula for the Witten index is

W =
∑

r≥0

(−1)r n

n− r

(
n− r
r

)
. (4.11)

Unfortunately, a similar formula in two dimensions is a lot harder to obtain.
The combinatorics / graph theory of the 1D case is easy, because it is possible to
systematically reduce the lattice size and still retain the same shape. But take
away a vertex or group of vertices from the square lattice for example and you
end up with a completely different graph. We will therefore not return to graph
theory elsewhere in the thesis, and the small excursion here is just a remark on
the side.
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4.2.2 Calculation of W using transfer matrices

As mentioned before, transfer matrix methods can be used as well for calculating
W . The transfer matrix for adding an extra vertex to the one dimensional chain
is (in the high temperature limit) given by

(
1 z1/2

z1/2 0

)
. (4.12)

This is a symmetric version of the transfer matrix in equation 3.14, with the
weight of the energy set to one. For z we take −1, so

√
z is given by i (or

−i, but it is imperative that we take the same root everywhere. Otherwise the
different roots

√
z will not combine properly to form z again). The square root

is a result of equally dividing the contribution to z between site i and i+1. We
can just as well take T12 = −1 and T21 = 1, as long as T12 × T21 = −1. The
resulting transfer matrices are

(
1 i
i 0

)
,

(
1 −1
1 0

)
, (4.13)

respectively. The two matrices, of course, must have the same eigenvalues. One
can immediately see that the real version is not symmetric and that the complex
version, though symmetric, is not Hermitian. This is a huge difference from the
situation where z ≥ 0, where complex entries do not arise. This property of the
transfer matrix of not being Hermitian carries over to two dimensions where it
hinders a variational approximation of the eigenvalues.

After diagonalising T , we find the following formula for the Witten index:

W = Tr TN = (
1

2
− i1

2

√
3)N + (

1

2
+ i

1

2

√
3)N = (e−i 1

3
π)N + (ei

1
3
π)N . (4.14)

The first few values of W , as a function of the number of sites N , are 1, -1,
-2, -1, 1, 2. After six steps the pattern starts repeating itself -In other words, the
diagonalised transfer matrix has period 6. This means that the Witten index
stays small, even if we let the length of the chain go to infinity. The index
per site w goes to zero in this limit. We do not have enough information yet
to determine if this means that there are only a few ground states or that the
numbers of bosonic and fermionic ground states grow equally fast. We are forced
to study the energy spectrum in more detail to obtain this kind of information.

4.2.3 Other information from the transfer matrix

We can learn more from the transfer matrices. The total number of possible
configurations on the chain, for example, is given by Z if we take z = 1. The
corresponding transfer matrix is

(
1 1
1 0

)
→
(

1
2 + 1

2

√
5 0

0 1
2 − 1

2

√
5

)
. (4.15)
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The eigenvalues generate the following numbers: 1, 3, 4, 7, 11, 18, 29, . . . They
obey the same recursion relation as the Fibonacci numbers and are known as
Lucas numbers. Denoting the total number of configurations by C, we have B =
1
2 (C +W ) bosonic configurations and F = 1

2 (C −W ) fermionic configurations.
We can even trace the number of configurations with a given number of

fermions as well. If we keep z unspecified, the resulting Z will be a polynomial
in z:

Z(z) = Tr T (z)N = t1(z)
N + t2(z)

N =
∑

i

aiz
i. (4.16)

The coefficients an denote the number of configurations with n fermions, so

#n =

(
∂nZ

∂zn

)

z=0

. (4.17)

These calculations however quickly become cumbersome for increasing N .

4.3 Equivalence to XXZ Heisenberg Spin Chain

An important feature of the one dimensional SUSY model is that it can be
shown to be equivalent to the one dimensional XXZ Heisenberg spin chain with
special boundary conditions (and at a certain value of the coupling constants).
Because the XXZ Heisenberg chain is solvable using a Bethe Ansatz procedure,
the equivalent SUSY model must share this property. In fact, the SUSY struc-
ture even facilitates the calculation. We will first show the equivalence between
the two models below. In the next section we will calculate the spectrum of the
SUSY model using the Bethe Ansatz. We will also show the use of supersym-
metry in this procedure.

4.3.1 The Hamiltonian

The XXZ Hamiltonian is given by:

HXXZ =
1

2
[

L∑

i=1

σxi σ
x
i+1 + σyi σ

y
i+1 −∆σzi σ

z
i+1], (4.18)

with the σ’s the Pauli spin matrices. We need to rewrite the one dimensional
version of (4.1) to resemble (4.18). We introduce hard-core fermion creation
and annihilation operators as follows:

d†i ≡ Pi−1c
†
iPi+1

di ≡ Pi−1ciPi+1. (4.19)

We can now write the SUSY Hamiltonian as

H =
∑

i

d†i+1di + d†idi+1 + Pi−1Pi+1, (4.20)
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which can be obtained by inserting the 1D definition of P<i> in (4.1), or by
starting from H = {Q†, Q} and using

{Q†, Q} =
∑

i,j

{d†i , dj}.

Expanding Pi−1Pi+1 we obtain

H = N − 2f +

N∑

i=1

d†i+1di + d†idi+1 + d†idid
†
i+2di+2, (4.21)

where f is the total number of fermions and we restrict ourselves to the Hilbert
space of legal states (this Hamiltonian will not yield zero when applied to illegal
lattice configurations).

The correspondence with the XXZ Hamiltonian is shown in [15] and [1]. The
spin creation and annihilation operators can easily be written in terms of the x
and y Pauli spin matrices:

σ± =
σx ± σy

2
. (4.22)

For the z Pauli matrix we can write:

σz = I− 2σ+σ−. (4.23)

If we now interpret sites containing a hard-core fermion and their surrounding
edges as spin down and edges adjacent to empty sites as spin up we can translate
the fermion chain into a spin chain and in the Hamiltonian replace the d±’s with
σ±’s. It is important to realize however that the length of the spin chain (L) is
different from the length of the fermion chain (N):

N = L+ f (4.24)

Substituting σx and σy for the hopping terms and σz for the next-nearest neigh-
bour repulsion term we obtain

HXXZ =
1

2

L∑

i=1

[
σxi σ

x
i+1 + σyi σ

y
i+1 +

1

2
σzi σ

z
i+1

]
+

3

4
L. (4.25)

We have also used that
∑

i σ
z
i counts the total number of up spins minus the

number of down spins and that the translation to a spin chain changes the next-
nearest neighbour coupling into a nearest-neighbour coupling. The resulting
Hamiltonian is equal to the XXZ Hamiltonian with ∆ = − 1

2 , up to a constant
(which isn’t really constant as it is still a function of the fermion number).

4.3.2 The boundary conditions

There are still two differences, however. The Hilbert spaces have a different
size and the fermion anticommutation relation is responsible for the occasional

31



Figure 4.3: The mapping from H′(3,1) to H(2,1).

appearance of minus signs. The difference in the Hilbert spaces is as follows.
For the XXZ-chain the size of a Hilbert space sector with fixed f is given by the
number of ways we can distribute f down spins over L sites. In other words,

dimH(L,f) =

(
L

f

)
. (4.26)

On the other hand, the size of the corresponding sector of the fermion chain
is given by

dimH′(N,f) =
N

N − f

(
N − f
f

)
, (4.27)

the number of distributions of f points over N sites, where no two points are
allowed to occupy adjacent positions (This distribution is given by p(CN , f), see
equation (4.10)). The fermion chain Hilbert space is bigger, which means that
sometimes different configurations in H′ get mapped on the same configuration
in H. From figure 4.3 we can see that this happens when the leftmost site
is occupied and that configurations with the leftmost site unoccupied map on
different configurations in H.

The difference between the models also appears when using the translation
operator T . In the fermion chain we have T N = 1, while in the XXZ chain we
have T L = 1. In order to fix these problems and have the XXZ chain generate
a completely equivalent spectrum we will do something rather subtle. We only
need to change the boundary conditions by introducing a ’glitch’ in the chain
whenever a fermion crosses the boundary (through the action of a hopping term
in H or by applying T ). When a spin down hops over the left boundary of the
chain we multiply our state with t−1, the eigenvalue of the state with respect
to left translation T :

T |↓ · · · >= t−1 | . . . ↓> .

We now have the same number of different eigenvalues for T as in the corre-
sponding fermion chain, for when we apply T L times all spin downs will cross
the boundary precisely once and the result will be

T L | Ψ >= t−f | Ψ >⇒ T L+f = 1.
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When applying T −1 or hopping to the right we need to use factors t instead of
t−1 to achieve the same effect.

Now it may seem that we have not been playing fair. When L = 2, f = 1
for example, the eigenstates of the translation operator would be |↑↓> ± |↓↑>,
when we apply normal periodic boundary conditions and |↑↓> + |↓↑>, |↑↓>
+ei2/3π |↓↑> and ↑↓> +ei4/3π |↓↑> when we apply special boundary conditions.
The latter three options do not seem to be linearly independent as they all can
be written in terms of |↑↓> and |↓↑>. But herein lies the subtlety, because what
we have done by inserting the factors of t on special occasions is identifying these
states with t or t−1 times themselves and the direct consequence is that we can
no longer unambiguously speak of |↑↓> and |↓↑> because t is different for the
three states.

We finish by including a twist factor to account for the fermionic nature of
the particles. For fermions we have {c†i , c†j} = 0. This means that c†1c

†
2 |∅〉 differs

from c†2c
†
1 |∅〉 by a sign. When a fermion crosses the boundary and appears at

the other side, the order of the fermions has been changed. To account for this
effect a twist factor (−1)f+1 is added. Note that this factor of course appears
in the fermion chain as well.

4.4 Obtaining the Spectrum Through the Bethe
Ansatz

The Hamiltonian of a lattice commutes with the translation operator T and with
the fermion number operator F . In a Bethe Ansatz procedure we will start from
the eigenstates of T . The assumption is that we can construct eigenstates of
the Hamiltonian using superpositions of eigenstates of T , with their coefficients
determined by products of certain powers (to be specified later) of their eigen-
values. The best way of understanding this procedure is by doing it. We will
start with the one fermion case, because it is the simplest, and eventually work
our way toward the Bethe equations for an arbitrary number of fermions. We
then show how the SUSY structure can be of help. A good review of the Bethe
Ansatz can be found in [23] and [24]. There is of course also Bethe’s original
article [10].

4.4.1 States with one fermion

In the one fermion case we do not need to worry about special boundary effects
yet, so for the moment we can still ignore them. Eigenstates of the Hamiltonian
in the f = 1 sector are given by

φ(1) =
∑

i

ϕ(i)d†i |∅〉 . (4.28)

We now assume that ϕ(i) is of the form

ϕ(i) = Aµi. (4.29)
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The φ(1) states are eigenstates of T as well. Because for one fermion the spec-
trum of T is nondegenerate, its eigenstates are exactly those of H. We obtain

T φ(1) = tφ(1) ⇒ µ = t−1. (4.30)

If we apply the Hamiltonian (4.21) we find

Hφ(1) = (N − 2f)φ(1) + tφ(1) + t−1φ(1). (4.31)

The repulsive potential term between fermions two sites apart is zero when
we have less than two fermions. Because t is an eigenvalue of the translation
operator it is of the form

t = eik, k =
2πm

N
, m = 0, . . . , N − 1. (4.32)

So the eigenvalues of H are

E = N − 2 + 2 cos k. (4.33)

Note that when k = 0 we have E = N and the corresponding eigenstate φ(1) =
A
∑

i |i〉 is the supersymmetric partner state of |∅〉. A is a normalisation factor.

4.4.2 States with two fermions

For two fermions the eigenstates of the Hamiltonian are given by

φ(2) =
∑

{ij}

ϕ(i1, i2)d
†
i1
d†i2 |∅〉 . (4.34)

∑
{ij}

is shorthand notation for
∑N

i2=1

∑i2−1
i1=1. We now expand on the assump-

tion from 4.29 by assuming for two fermions that

ϕ(i1, i2) = A12µ
i1
1 µ

i2
2 −A21µ

i1
2 µ

i2
1 . (4.35)

Applying a single translation operation T and demanding that φ(2) is an eigen-
state of this operation yields

µ1µ2 = t−1. (4.36)

This relation is similar to (4.30). The boundary effects we will incorporate as
restrictions on the values of A12 and A21. We will return to this shortly. First
we will carry on like we did in the one fermion case and apply the Hamiltonian
to φ(2):

Hφ(2) = (N − 4)φ(2) +

N∑

i=1

ϕ(i, i+ 2)d†id
†
i+2 |∅〉

+
∑

i1<i2−1

ϕ(i1, i2)
[
d†i1+1d

†
i2
+ d†i1−1d

†
i2
+ d†i1d

†
i2+1 + d†i1d

†
i2−1

]
|∅〉 .

(4.37)
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The second term on the right is the potential term that did not occur in the one
fermion case. The last terms are the result of the kinetic part of the Hamiltonian.
If we shift some of the dummy indices used in the summation in order to obtain
a result resembling φ(2) times some factor, we get for this kinetic part

∑

i1<i2

ϕ(i1 − 1, i2)d
†
i1
d†i2 +

∑

i1<i2−2

ϕ(i1 + 1, i2)d
†
i1
di2 +

∑

i1<i2−2

ϕ(i1, i2 − 1)d†i1d
†
i2

+
∑

i1<i2

ϕ(i1, i2 + 1)d†i1d
†
i2
. (4.38)

Because of the projection operators in d, the sum
∑

i1<i2
is the same as

∑
i1<i2−1.

But with the condition i1 < i2 − 2 we have to be careful. Simply rewriting this
as i1 < i2 − 1 means inserting an extra term for the case when i1 = i2 − 2 that
we have to subtract again.

Keeping this in mind, we now rewrite the effect of applying H as

Hφ(2) = (N − 4)φ(2) +
N∑

i=1

ϕ(i, I + 2)d†id
†
i+2 |∅〉+ (µ1 + µ2 + µ−1

1 + µ−1
2 )φ(2)

−
N∑

i=1

ϕ(i+ 1, i+ 2)d†id
†
i+2 |∅〉 −

N∑

i=1

ϕ(i, i+ 1)d†id
†
i+2 |∅〉 . (4.39)

If φ(2) is to be an eigenstate, this means that

E = N − 4 + µ1 + µ2 + µ−1
1 + µ−1

2 , (4.40)

while
ϕ(i, i+ 2)− ϕ(i, i+ 1)− ϕ(i+ 1, i+ 2) = 0. (4.41)

Inserting (4.35) in this equation we obtain

A21

A12
= −µ2

µ1

µ2µ1 + 1− µ2

µ2µ1 + 1− µ1
. (4.42)

From this equation we see that in general, when µ1 = µ2, A12 is equal to
A21 and as a result φ(2) vanishes (which can be seen from equation (4.35)). The
exception to this is the case µ1 = µ2 = e±iπ/3. In this case the RHS of (4.42) is
equal to zero.

To further restrict the possible values of A and µ, we now take a closer look
at the boundary effects. We want to make sure that

T φ(2) = tφ(2). (4.43)

More specifically, we need to fix

T
N−1∑

i=1

ϕ(i,N)d†id
†
N |∅〉 = t

N∑

i=2

ϕ(1, i)d†1d
†
i |∅〉 . (4.44)
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This leads to the restriction

−ϕ(i− 1, N) = tϕ(1, i), (4.45)

where the minus sign on the left is the result of switching the position of the
hard core particle creation operators. Inserting (4.35) here yields

{ A21 = −A12µ2

A12 = −A21µ1
, (4.46)

where we have used t = µ−1
1 µ−1

2 . Combining these results, we finally arrive at
the Bethe equations

µN−2
k t−1 =

µkµj + 1− µk
µkµj + 1− µk

, (4.47)

with (k, j) = (1, 2) or (2, 1). We can use these equations to systematically gener-
ate eigenstates of H in the two fermion sector, up to an arbitrary normalisation
constant.

It can be shown that the Bethe Ansatz yields the complete set of states. The
formal proof of this is rather involved and not of interest within the context of
this thesis. We refer to [15] and references therein for more information.

4.4.3 The general case

We now turn to the general case with an arbitrary number of fermions. The
eigenstates have the form

φ(f) =
∑

{ij}

ϕ(i1, i2, . . . , if )d
†
i1
d†i2 . . . d

†
if
|∅〉 . (4.48)

The general Ansatz is now given by

ϕ(i1, i2, . . . , if ) =
∑

π

Aπµ
i1
π1
µi2π2

. . . µ
if
πf . (4.49)

By π we denote permutations of the set {1, 2, . . . , f}. For the eigenvalue t of
the translation operator we find

t =

f∏

i=1

µ−1
i . (4.50)

As in the two fermion case, the special boundary conditions impose restrictions
on the possible values of A. We can generalise (4.46) as

Aπf ,π1,π2,...,πf−1
= µNπf

(−1)f−1Aπ1,π2,...,πf
. (4.51)

The generalisation of equation (4.41) is also straightforward and yields

ϕ(i1, i2, . . . , i, i+ 2, . . . , if )− ϕ(i1, i2, . . . , i, i+ 1, . . . , if )

−ϕ(i1, i2, . . . , i+ 1, i+ 2, . . . , if ) = 0. (4.52)
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We can see where this equation leads if we fill in ϕ in terms of a sum of
permutations of π. To obtain a convenient formula, we also use permuta-
tions of π′. The set π′ is the same as π, only with the elements on posi-
tion k and k + 1 interchanged: π = {π1, π2, . . . , πk, πk+1, . . . , πf} → π′ =
{π1, π2, . . . , πk+1, πk, . . . , πf}. Summing over π is the same as summing over
π′. In equation (4.52), taking the sum of both summations is the same as mul-
tiplying with a factor 2 that we can drop directly because we have zero at the
other side of equation. The resulting equation is then

0 =
∑

π

µi1π1
µi2π2

. . . µiπk
µiπk+1

. . . µ
if
πf [Aπ(µ

2
πk+1

− µπk+1
− µπk

µ2
πK+1

)

+Aπ′(µ
2
πk
− µπk

− µπk+1
µ2
πk
)]. (4.53)

This holds if for all π and k

Aπ′

Aπ
= −µπk+1

µπk

µπk+1
µπk

+ 1− µπk+1

µπk+1
µπk

+ 1− µπk

. (4.54)

If we keep applying this relation successively while changing the order of the
indices in π′ we find

Aπfπ1π2...πf−1

Aπ1π2...πf

=
Aπ1πfπ2...πf−1

Aπ1π2...πf

(−µπf

µπ1

µπf
µπ1

+ 1− µπf

µπf
µπ1

+ 1− µπ1

)

=

f∏

j=1

(−µπf

µπj

µπf
µπj

+ 1− µπf

µπf
µπj

+ 1− µπj

). (4.55)

The property that all µi must either be distinct or all equal to e±iπ/3 that we
found for two fermions also carries over to an arbitrary number of f fermions.

We are almost done now. The result above can be combined with the re-
strictions imposed by the boundary conditions (4.51) to yield

µNj = (−1)f
f∏

k=1

(−µj
µk

µjµk + 1− µj
µjµk + 1− µk

). (4.56)

As a last step, we include (4.50) in this equation to obtain a result similar to
(4.47):

µN−f
j t−1 =

f∏

k=1

(−µj
µk

µjµk + 1− µj
µjµk + 1− µk

). (4.57)

These are the Bethe equations for an arbitrary number of fermions. From these
equations one can find the eigenstates up to a normalisation factor. Note that
this becomes more difficult if we have more fermions, for (4.57) represents a
total of f equations. The eigenstates have energies

E = N − 2f +

f∑

j=1

[µj + µ−1
j ]. (4.58)
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4.4.4 The advantage of SUSY

The SUSY structure implies a pairing of the excited states in the spectrum. If
we act with the operator Q† on an eigenstate φ(f) we obtain

Q†φ(f) =
∑

{ij}
}
ϕ(i1, i2, . . . , if )

( f∑

i=1

d†id
†
i1
d†i2 . . . d

†
if
|∅〉
)
. (4.59)

This is either zero or an eigenstate of H of the form φ(f+1). Here ϕ takes a form
which we denote by ϕ+:

ϕ+ =

i1−2∑

i=1

ϕ(i, i1, . . . , if )−
i2−2∑

i=i1+2

ϕ(i1, i, i2, . . . , if ) + . . .

+(−1)f+1
N∑

i=if +2

ϕ(i1, i2, . . . , if , i). (4.60)

The minus signs are a result of applying the fermion anticommutation relations.
If the set µ1, µ2, . . . , µf satisfies the Bethe equations (4.57), then one can check
that the set 1, µ1, µ2, . . . , µf does so as well. The energy of this new solution is
indeed the same as the energy of the old solution, as can be seen from (4.58).
From µ = exp(ip) we can interpret the action of Q† as inserting a particle with
bare momentum p equal to zero.

The ground states

In a calculation of the ground states the SUSY structure can be used to reduce
the number of equations one needs to evaluate. Below, we will show that SUSY
can reduce the set of f Bethe equations to a single one of order f if we are
concentrate on the ground states. The fermion number of the ground states is
int((N + 1)/3). The derivation is not extremely interesting from a conceptual
point of view, so readers wishing to take for granted the fact that SUSY is
a helpful and practical tool that simplifies the Bethe Ansatz procedure for a
special class of XXZ chains (which our model was shown to be equivalent to)
can safely skip ahead to the next section. Our calculation is the same as the
one in [15].

We start by defining wj , j = 1 . . . f by

µj =
wj − q
qwj − 1

, q = e−iπ/3. (4.61)

With this we can rewrite the energy of an eigenstate as

E = N −
f∑

j=1

(wj + 1)2

(wj − q)(wj − q−1)
. (4.62)
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Introducing a function Q defined by

Q(w) =
f∏

i=1

(w − wi), (4.63)

we can rewrite the Bethe equations as

(
wj − q
qwj − 1

)N−f

t−1 = q−f Q(q−2wj)

Q(q2wj)
. (4.64)

We now introduce yet another function, T (w) (not to be confused with the
translation operator T ). The following definition seems somewhat obscure at
first, but we will soon see that this form of T (w) allows for an easy expression
of the energy E in terms of it:

T (w)Q(w)(1 + w)N−fq−N t = Q(q−2w)(q−2w + 1)N−f

− t−1q−NQ(q2w)(q2w + 1)N−f .
(4.65)

We simplify this relation to

T (w)R(w)q−N t = R(q−2w)− t−1qNR(q2w), (4.66)

where we have defined

R(w) = Q(w)(1 + w)N−f . (4.67)

The eigenvalues t of the translation operator we can write in terms of Q or R
as follows

t =

f∏

i=1

µ−1
i =

Q(q)
Q(q−1)

q−f =
R(q)

R(q−1)
q−N . (4.68)

From the definitions of R and q we see that R(q3) = 0. Combining this with
(4.66) and (4.68) we obtain

T (q) = t−1qN
R(q−1)

R(q)
= 1. (4.69)

If we expand T (q) and R(q) in Taylor series around w = q and substitute these
expansions in (4.66), we can relate their derivatives as follows:

T ′(q)
T (q) = q−2R′(q−1)

R(q−1)
− R

′(q)

R(q)
. (4.70)

From the definition of R we can calculate

R′(w)
R(w)

=
N − f
1 + w

+

f∑

j=1

1

w − wj
. (4.71)
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This we can substitute in the previous equation to obtain the promised relation
for E:

T ′(q)
T (q) =

1

q2 − 1
E. (4.72)

From this relation we can deduce how T (w) should look for the ground states.
The ground state energy is zero, so the derivative of T (w) is zero as well at
w = q. Because T (q) = 1, we should look for Q(w) satisfying (4.66) with
T (w) = 1 for all1 w. Such a solution we denote by Q0(w) and R0(w). Equation
(4.66) changes into

R0(q
−2w) = tq−NR0(w) + t−1qNR0(q

2w). (4.73)

Notice that this is a single polynomial whereas the Bethe equations consisted
of f coupled polynomials. This is a considerable computational advantage that
is the result of the E0 = 0 restriction imposed by supersymmetry.

Because R0 is a polynomial of order N , we can write it as

R0(w) = Rf

N∑

k=0

(−w)krk, (4.74)

where Rk is an overall coefficient. Using this in equation (4.73) we obtain

(q−2k − tq−N − t−1qN+2k)rk = 0. (4.75)

This implies that for any k, either rk is zero or the term in parentheses is. The
result of this is that every third term in R0 must vanish. If r0 is unequal to
zero, then 1 = tq−N + t−1qN . Solving this for t we find in the case N = 3p,
with p an integer, that t = (−1)Nq±1. And in the case N = 3p± 1, we see that
t = (−1)N . We therefore find either two groundstates or a single one and as
their number of fermions depends on the length of the chain, these states can
be either fermionic or bosonic.

Finally, we can findR0 exactly. The expressions for rk are products of certain
binomials and offer no direct physical insight. They are given in [15]. We end
our discussion here by merely stating that nontrivial solutions for R0 are found
only when the number of fermions in the system f is equal to int((N + 1)/3).
This can be derived using both the fact that every third term in R0 vanishes
and that Q0 is a polynomial of order f , so that

R0(−1) = R′0(−1) = R′′0(−1) = · · · = R(N−f−1)
0 (−1) = 0, (4.76)

but we will not go into that here any further.
The fact that for our model the fermion number of the ground states is of

the same order as the chain length makes it interesting from a condensed matter
physics point of view.

1This is actually much stronger than only a local extremum, which means that using just
this reasoning we cannot be certain that we have all the ground states. The issue is related
to that of the completeness of the Bethe Ansatz which is, strictly spoken, just an assumption
as well.
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4.5 Conclusions

In this chapter we have studied the SUSY lattice model for the one dimensional
chain with periodic boundary conditions. Using the Witten index we found that
the supersymmetry is unbroken, for the resulting values were unequal to zero in
all cases. In one dimension this was an easy calculation -a simple combinatorial
problem.

We have also shown how the model is equivalent to the Heisenberg XXZ
chain, although the equivalence relation is somewhat contrived. As an example
of the usefulness of the SUSY structure we explicitly went through a Bethe
Ansatz calculation and showed that SUSY can significantly reduce the number of
Bethe equations for the ground state. Because of the relation to the Heisenberg
chain, this is not only of interest for the SUSY model itself but has a broader
application.

The Bethe calculation given here followed closely ([15]). This article contains
much more of interest that we did not work out explicitly. We merely state the
following results and refer the interested reader to the original article.

� The nearest neighbour exclusion rule can be relaxed to an arbitrary num-
ber of sites k, adding a series of nontrivial free parameters to the model.

� The elementary excitations of the k = 1 model have fractional charge
±1/2.

� The k = 2 model is connected to the su(2 | 1)-symmetric tJ-model in the
ferromagnetic regime and the spin 1 XXZ chain at ∆ = −1/

√
2.

� The models for general k are described by N = (2, 2) supersymmetric
conformal field theories in the continuum limit.

In the following chapter we will study the two dimensional case. In two
dimensions there is no Bethe Ansatz solution, but calculations of the Witten
index yield a number of interesting results.
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Chapter 5

The Two Dimensional Case

5.1 The Model in 2 Dimensions

For convenience, we start once more by repeating the Hamiltonian.

H =
∑

i

∑

j next to i

P<i>c
†
i cjP<j> +

∑

i

P<i>. (5.1)

So far we have studied it in one dimension, but this Hamiltonian is supersym-
metric in higher dimensions as well. It does however become much more complex
when we have more than two neighbours per particle, because P<i> is a product
over the nearest neighbours of i. If we look for example at the m × n square
lattice, this means that, if we write out the Hamiltonian in terms of fermionic
creation and annihilation operators, we can have terms with as much as fourteen
fermionic operators in a row. For example:

c†i−1ci−1c
†
i−nci−nc

†
i+nci+nc

†
i ci+1c

†
i+2ci+1c

†
i+1−nci+1−nc

†
i+1+nci+1+n,

Where the first site of the second row has index n+ 1 etc.
In two dimensions there are no obvious simplifications or convenient map-

pings of the model. That, and the fact that the supersymmetry only occurs at a
fine tuning of the coupling constants (as in the one dimensional case, where we
had ∆ = − 1

2 ) make it extremely difficult to analyse the spectrum of the model
on various lattices in detail. But we still have the Witten index, which can be
calculated with relative ease using transfer matrices. In the next section we will
examine various graphs and obtain their values for W .

5.2 The Witten Index for Various Graphs

5.2.1 The different graphs

We will calculate the Witten index for finite versions of eight different lattices
(or graphs). Instead of putting the particles on the vertices, we can put them
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on the edges as well and have the exclusion rule that no two occupied edges
are allowed to be next to each other. These models are called dimer models.
They are the same as vertex models on a modified graph. The various graphs
are labelled A, . . . ,H, and are shown in figures 5.1 to 5.4. The hexagonal dimer
lattice (F) is also known as a Kagomé lattice.

The hexagonal lattice in fig. 5.2 has been deformed somewhat to emphasise
that its structure is similar to that of a brick wall. There are two different
hexagonal lattices that are related by a rotation over 90

�
, see fig. 5.5. A table

containing the values for W for various m and n for the one lattice should be
equal to the transpose of the table for the other lattice. The tables for the
triangular and square lattices should be symmetric. These properties can be
used as a check on the calculation.

A treatment of the problem of calculating W using combinatorics would
seem the obvious strategy, but unfortunately this is surprisingly difficult. For
example, if we rotate the square lattice by 45

�
and treat it as a tiling problem

with 1×1 squares and 2×2 squares (one fermion plus small overlap on forbidden
sites), a quick search in the literature shows that results only have been obtained
for lattices up to 5 × n (see [21], [22]). This is a pity, since there is a lot of
information on tilings in the literature, with very diverse types of tilings. Just
not about the tilings we need.

Graph theory is of no help either. The kind of problems that come to mind
are colouring problems where two neighbouring vertices are not allowed to have
he same colour. The number of colours involved when we try to translate our
problem to a colouring problem is unfortunately not two but a much larger
number as we would be forced to assign neighbouring empty sites different
colours.

It seems sensible therefore to treat the problem using transfer matrices. The
transfer matrices and the Witten indices will turn out to have some surprising
properties. The square lattice transfer matrix in particular exhibits an intriguing
mathematical structure and was the subject of a separate publication [18].

5.2.2 Constructing the transfer matrices

The easiest strategy is to use row-to-row transfer matrices. Because the size of
these matrices increases fast with increasing lattice size, the actual construc-
tions of the matrices are best left to a computer. For reference, we have in-
cluded the source code of a c++ program that outputs the transfer matrix for
an n-column square lattice, see appendix B. The programs written to con-
struct the other transfer matrices are conceptually similar. They can be found
at http://staff.science.uva.nl/~hveerten/thesis/programs/, or can be
obtained on request from the author. In the following, we will briefly explain
how the matrices are constructed for the various lattices.

The square lattice (A) is the simplest. For each matrix entry (i, j) the
computer program just compares the configuration denoted by i with the one
denoted by j. The matrix entry will be zero if the two configurations have
one or more neighbouring vertices occupied when viewed next to each other.
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Figure 5.1: The square lattice (A) and the square dimer lattice (B)

Figure 5.2: The triangular lattice (C) and the triangular dimer lattice (D)

Figure 5.3: The hexagonal lattice (E) and the hexagonal dimer lattice (F )

Figure 5.4: The square lattice with small holes (G) and with large holes (H)
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Figure 5.5: The two hexagonal lattices

If the combination of i and j is allowed, a factor (−1)f(j) is written down,
where f(j) stands for the number of fermions in configuration j. This means
we obtain a non-symmetric matrix with real numbers only. The advantage over
complex numbers is obvious: we do not need to define a complex datatype at
this point and less computer memory is used. As mentioned in section 3.3,
using a mapping from the different configurations to binary numbers simplifies
matters even further. The comparison between the i-th and j-th configuration
can now be performed using a binary AND instruction.

The program is easily modified for the triangular lattice (C). There are two
extra edges per vertex connecting to vertices on a higher or lower row. They
are similar to the vertical edge, but with all vertices of the lower row shifted
one position to the right. In terms of the computer code, when comparing the
i-th and j-th configuration, we apply a binary right shift on the j-th binary
representation before using AND. The program now performs two tests instead
of one to ascertain if it can enter a nonzero value.

For the two square lattices with holes (G and H) we have the complication
of dissimilar rows. We can solve this by using multiple transfer matrices. In
the case of small holes, the first of these will be a transfer matrix that, starting
from a normal row, adds a row with holes. We can take this transfer matrix to
be similar to the transfer matrix of the square lattice only with zeroes on the
entries where the column entry indicates a configuration with a fermion on a
site that now is a hole. In other words, we replace the holes by normal sites and
treat as illegal every configuration that has one or more of these sites occupied.
The effect is of course the same, as empty sites just contribute a factor one.

The second transfer matrix is equal to the square lattice transfer matrix. It
deals with the addition of a normal row. Taking it equal to the square lattice
transfer matrix means that in this matrix we do not exclude (from the row index)
configurations where the holes contain fermions, but as these configurations are
already taken care of by the other matrix, no harm is done.

If we take the product of the two transfer matrices we have a transfer matrix
that deals with two rows at once (compare matrix T′ from section 3.3.1). In
order to avoid boundary effects we have to work in units of two columns as well
as two rows.

For lattice H, the resulting transfer matrix is the product of three matrices.
First, two times a matrix that adds a row with a large hole in it and then a
matrix that adds a normal row. To avoid boundary effects, we will work in units
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Figure 5.6: Doubling sites on the even rows of the hexagonal dimer lattice (F)

of three columns (and, by construction of the transfer matrix, three rows).
The idea of using multiple transfer matrices is repeated for the hexagonal

lattice (E). Viewing the hexagonal lattice as a horizontal brick wall (the left
lattice in picture 5.5), we see that we have two different rows. Using a similar
tactic as with lattice G and H, we find once again that it is best to work in units
of 2× 2 sites.

The dimer lattices offer another complication. The square dimer lattice (B)
has both horizontal and vertical dimers. When constructing the transfer matrix
we will sum over the horizontal dimer contributions. We can do this without
problems because the horizontal dimers make no contact with the next row. For
the triangular dimer lattice (C), we calculate the transfer matrices in a similar
way.

For the hexagonal dimer lattice we will use yet another trick. As can be
seen in figure (5.2), the even rows contain only half the number of vertices
(after switching dimers and vertices in the original lattice E). As a first step we
shall double this number of vertices in the even rows, like shown in figure (5.6).
We will have to make certain that the resulting pairs consistently have the same
value. Then we can formulate the transfer matrix once more as the product of
two transfer matrices.

5.2.3 The results for finite lattices

The results of the calculations are included in appendix section A.1. The tables
display the values of the Witten index of various finite lattice sizes. For further
reference, the first two transfer matrices of every lattice are also included, in
appendix section A.2. With the exception of the square vertex lattices, all
lattices exhibit a structure similar to that of the triangular lattice, see table 5.1.
The table is symmetric, as it should be. A steady growth of (the absolute value
of) the Witten index is visible, which means that the minimal number of ground
states increases with increasing lattice size. This is a property of interest. To
quote a random book on statistical mechanics [2]:

For a system of more than two or three particles, it is rather unlikely
that there will be more than one state associated with the lowest
energy eigenvalue. In dealing with macroscopic systems, one tends
not even to entertain the possibility.
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1 2 3 4 5
1 1 -1 -2 -1 1
2 -1 1 8 -15 19
3 -2 8 -26 44 -92
4 -1 -15 44 129 -361
5 1 19 -92 -361 -2344

Table 5.1: A sample of the triangular lattice (C) Witten index results

transfer matrix eigenvalues

If the Witten index increases with increasing lattice size, it is of interest to
know if it increases enough to keep up with the increase in the number of lattice
sites N . To obtain information on the limiting situation, we can look at the
contribution of the index per site. Recall that, if the number of rows m is
large, the index is given by the m-th power of the largest eigenvalue, tm1 . The
contributing factor w per site is therefore given by

w =W 1/N ≈ (tm1 )1/N = t
1/n
1 . (5.2)

If this number is larger than 1, we know for certain that the ground state entropy
is of significance in the large N limit. This turns out to be the case indeed. The
largest eigenvalue of the n column transfer matrix is approximately wn, the
product over the contributing factors of all n sites of the row. Comparing the
n column transfer matrix with the n+ 1 column matrix we therefore obtain w
by dividing the largest eigenvalue of the latter by the largest eigenvalue of the
first. This is done for the various lattice types (again with the exception of the
square lattices) and the result, as said, shows that the increase holds for large
N . We even find our assumption that the contribution per site tends to a limit1

affirmed (but not proven) by the apparent convergence of w when calculated
for various values of n and n + 1. All results for the largest transfer matrix
eigenvalues are included in appendix section A.3. They are summarised in table
5.2. The square roots and the factors 1

2 in that table reflect the fact that in
some cases the transfer matrix was obtained by adding two rows at once. For
the hexagonal lattices the convergence was not very fast, so these results are
not very precise. For lattice E there was not enough data to compute a reliable
entry for the phase factor.

A remark on the use of the word ’eigenvalue’ is in order. The transfer
matrices that have been calculated, are non-Hermitian, and if two roots of the
characteristic polynomial coincide, the matrix can be defective. A defective
matrix has the property that it can not be reduced to diagonal form using
similarity transformations, or in other words, that it does not have a set of

1A very reasonable assumption, but still an assumption. Normally, in statistical mechanics,
the activity z is positive and to assume the limit of ZN to exist unambiguously is plausible
from a physical point of view. Strictly speaking, we do not have that luxury for negative z.
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lattice type |λ| per site arg λ per site
B 1.33 (0.363× π)± 0.01
C 1.14 (0.178× π)± 0.01

D
√
1.591 = 1.261 1

2 × (0.378× π) = (0.189× π)± 0.001
E

√
1.4± 0.1 = 1.2± 0.1 insufficient data

F
√
2.0± 0.1 = 1.4± 0.1 1

2 × (0.621× π) = (0.310× π)± 0.001

Table 5.2: Witten index per site, various lattice types

1 2 3 4 5
1 1 1 1 1 1
2 1 -1 1 3 1
3 1 1 4 1 1
4 1 3 1 7 1
5 1 1 1 1 -9

Table 5.3: A sample of the square lattice (A) Witten index results

eigenvectors that span the space of states. This possibility can not be excluded,
because we do find degenerate eigenvalues in all cases. The actual calculations
therefore, were not of eigenvalues but of roots of the characteristic polynomial
(What the programs do, is construct the transfer matrix for a given lattice size
and output Maple source code that lets maple calculate the eigenvalues. Maple
automatically does this by finding the roots of the characteristic polynomial).

the square lattices

The square lattice is special. Compare the Witten indices of table 5.3 with
those of table 5.1. The square lattice table does not exhibit the same growth
of the index as the other. In fact, it has a number of remarkable properties.
For example, the index is equal to 1 when the m and n are co-prime. The
logical next step, examining the transfer matrices in detail and studying their
eigenvalues, reveals other facts of interest. The eigenvalues are found to be
evenly spaced on the complex unit circle, which makes the approximation we
used earlier for large m no longer possible. The transfer matrices are defective
even for small n. All these findings will be treated in a separate chapter (6).

We defer the discussion of the results for the lattices G and H to that chapter
as well, as they are closely connected to that of the square lattice. For com-
pleteness we already mention here that the table for lattice G is identical to
that of lattice A, with the exception of several minus signs (see table 5.4) and
the table for lattice H contains zeroes and two’s only (see table 5.5).
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2 4 6 8 10
2 -1 1 -1 1 -1
4 1 -1 1 3 1
6 -1 1 4 1 -1
8 1 3 1 7 1

10 -1 1 -1 1 9

Table 5.4: A sample of the square lattice with holes (G) Witten index results

3 6 9 12 15
3 0 2 0 2 0
6 2 2 2 2 2
9 0 2 0 2 0

12 2 2 2 2 2
15 0 2 0 2 0

Table 5.5: A sample of the square lattice with holes (H) Witten index results

5.3 Conclusions

We have obtained some new results on the SUSY model in two dimensions,
using numerical computations. Because of the complexity of the Hamiltonian
we did not make an attempt to find its spectrum. We merely concentrated on
the ground states using the Witten index, which is relatively easy to calculate.
A question of interest is how this index quantity, that can be viewed as a special
case of the partition sum, relates to the general case of this sum. Because the
precise form of the spectrum is irrelevant for the Witten index, one can ask if it
is possible to find some connections to the partition functions of classical lattice
models that are known analytically. In a later chapter (7), these connections
are shown to exist but they are unfortunately of no help. The fact that the
index per site converges however suggests that the numerical results from this
chapter can be refined using other variational approaches. But it is the question
if this is really worth the (undoubtedly substantial) effort needed to find such
an approximation, or even analytical solution, because the Witten index is by
definition only a rough estimate. After all it only gives us a lower bound on the
number of ground states.

In the next chapter we shall concentrate solely on the Witten index and its
calculation in terms of transfer matrices for the square lattices.
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Chapter 6

The Square Lattices

Here we will look in more detail at the results for the square lattice. The
following treatment follows [18] concerning the string structure of the roots of
the characteristic polynomial. To this are added some remarks on the results
for the square lattices with small and large holes.

6.1 The Square Lattice (A)

As was mentioned in the previous chapter, the square lattice has some remark-
able properties (see appendix A). The Witten index stays relatively small and
is equal to 1 when m and n are co-prime. Further, the transfer matrices have
all their eigenvalues in evenly spaced strings on the unit circle. We will now
examine this in more detail.

6.1.1 The String Structure

The construction of the transfer matrices was treated in chapter 5. For the
square lattice, the dimension of the n-th transfer matrix is given by the n-th
Lucas number L(n) (see section 4.2.3). This is because the Lucas numbers give
us the number of possible configurations on a single row with increasing length
and the transfer matrix in two dimensions deals with the contraction of two
such rows.

The roots of the characteristic polynomial are all roots of unity. This is
apparent from table 6.1. In this section, we define the characteristic polynomial
of a matrix T in x by P (x) = det(xI−T) (Another possibility would be P (x) =
det(T − xI). Both options generate the same roots, but their terms can differ
by minus signs).

The roots can be grouped into ‘strings’, where a string is a set of roots xi
evenly spaced around the unit circle. A string containingN roots has its starting
point on either 1 or -1 and is therefore generated by N

√
1 or N

√
−1. The fact that

the eigenvalues have norm 1 and exhibit this string structure has not yet been
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n L(n) Pn(x)

1 1 x− 1
2 3 (x2 + 1)(x− 1)
3 4 (x3 − 1)(x− 1)
4 7 (x4 − 1)(x2 − 1)(x− 1)
5 11 (x5 + 1)2(x− 1)
6 18 (x6 − 1)2(x3 − 1)(x2 + 1)(x− 1)
7 29 (x14 + 1)2(x− 1)
8 47 (x10 − 1)4(x4 − 1)(x2 − 1)(x− 1)
9 76 (x18 − 1)2(x9 − 1)4(x3 − 1)(x− 1)
10 123 (x14 − 1)5(x8 − 1)5(x5 − 1)2(x2 + 1)(x− 1)
11 199 (x55 − 1)2(x22 + 1)4(x− 1)
12 322 (x24 − 1)2(x18 − 1)6(x12 − 1)12(x6 − 1)2(x4 − 1)(x3 − 1)(x2 − 1)(x− 1)
13 521 (x91 − 1)4(x26 − 1)4(x13 + 1)4(x− 1)
14 843 (x28 − 1)4(x22 − 1)7(x16 − 1)38(x14 − 1)2(x10 − 1)7(x7 + 1)4(x2 + 1)(x− 1)
15 1364 (x60 − 1)6(x45 − 1)18(x15 − 1)12(x5 + 1)2(x3 − 1)(x− 1)

Table 6.1: Characteristic polynomials of the transfer matrices Tn.

proven conclusively for general n, but for the moment remains a conjecture (Of
course, the numerics do provide strong circumstantial evidence).

We denote these strings by S+ and and S−. The first are the roots xk =
ei2πk/S , where k = 0, . . . , S− 1. The second are the roots xk = eiπ(2k+1)/S . For
any n all strings, with the exception of a re-occurring single 1+-string, share a
common divisor with n.

While we do not have a general formula for the characteristic polynomial that
generates the string structure, we can exploit the conjectures to partially obtain
the polynomial. We first define some terminology and set some conventions. We
will combine any term of the type (xS − 1)(xS +1) into a single term (x2S − 1).
This way we will only have one type of string for any given S (and n), either
S+-strings or S−-strings. Denoting the number of strings of a given n by n±S ,
we have ∑

S

Sn±S (N) = L(n).

On the right hand side of the equation we have the n-th Lucas number, which
was equal to the dimension of the transfer matrix Tn. Recall that the Witten
index of the m× n lattice is given by the sum of the m-th powers of the roots
of the characteristic polynomial:

W (m,n) =

L(n)∑

i=1

(xi(n))
m. (6.1)

A first useful observation is that
∑S

k=1 e
2πikm/S = 0, unless m is a multiple

of S. This means that only strings where m is indeed a multiple of S contribute
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to W (m,n). An S+-string contributes S, while an S− contributes (−1)m/sS.
We can combine this observation with the fact that the index table is symmetric
to obtain some information on the structure of the polynomial.

As a start, let us look at the n = 1 case. We always have a single 1+-string.
Because L(1) = 1, we have completely specified the polynomial for n = 1.
Having W (m, 1) = 1 automatically implies W (1, n) = 1. When n = 2 we have
L(2) = 3, Because our convention forbids the occurrence of 1−-strings when
there are 1+-strings, the only remaining option is a 2±-string. Because of our
convention for the characteristic polynomial, Pn(0) = (−1)L(n) → P2(0) = −1,
we need a term (x2+1) to multiply (x−1) with, leaving only the 2+-string as an
option. We now have completely specified all three different values of W (m, 2).

Because only strings with m a multiple of S contribute to W (m,n), and we
know that we have only one 1+-string, we know from the symmetry between
W (m, 2) and W (2, n) that for W (2, n) we have

n+
2 (4j) = 1, n−2 (4j − 2) = 1, j ∈ Z+.

Using the same reasoning we can find n+
3 (3j) = 1 and n+

4 (4j) = 1. For
n ≥ 5 however, the procedure no longer suffices to determine P (x) completely.
We know we have one 1+-string and no 2-,3- or 4-strings. Since L(5) = 11
and P5(0) = −1, we can have either two 5+-strings or two 5−-strings. We will
need to compute P (x) explicitly to determine which of these two options is
realized. Because L(n) increases exponentially in n, the procedure will yield
only a relatively small part of the characteristic polynomial for large n.

Finally we note that the conjecture that all values of S for a given n (with the
exception of a single 1+-string) share a divisor with n, means that W (m,n) = 1
when m and n are co-prime.

Period of the Transfer Matrices

A direct consequence of the string structure is that the patterns in the Witten
index table will start to repeat themselves. In other words, T has a finite period
k, such that Tk = I. We list the periods of the first few transfer matrices in
table 6.2.

n 1 2 3 4 5 6 7 8 9 10 11 12 13
period 1 4 3 4 10 12 28 20 18 280 220 72 182

Table 6.2: Periods of square lattice transfer matrices

6.1.2 Properties of the Transfer Matrices

We can view the transfer matrix as acting on a space CL(n), where L(n) is the
n-th Lucas number. Because of the periodic boundary conditions, the lattice
is symmetric under translations: one can verify that the transfer matrix Tn
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commutes with the translation operator Tn on the periodic chain1. This means
that we can rewrite the transfer matrix into a block diagonal form with each
block containing states that have a specific eigenvalue t under operation of Tn.

We can define translation-invariant eigenstates as follows. For any state vi
in CL(n), a translation eigenstate with eigenvalue t is given by

V[i](t) =
(
vi + t−1T vi + t−2T 2vi + . . . t−(n−1)T n−1vi

)√
Ni/n. (6.2)

The states vi are similar to the states |ab . . . z〉 defined in section 4.1. We can
denotes these states by [i] as well, with a configuration [i] having particles at
(i1, i2, ..., ip). In order to generate a complete set of states {V1, . . . ,VL(n)} we
must choose the states vi such that vj = T rvi does not occur for any j.

The normalisation
√Ni/n ensures that V∗i · Vi = 1. Here Ni is the smallest

integer that has T Nivi = vi. For example, if vi is the state with a particle at
every third site, Ni would be 3. Note that T conserves the number of particles,
while T in general does not.

Let us now look at a concrete example, in order to introduce the general
formulae for the transfer matrix found in section 2 of [18]. The case n = 4 is
the first that has multiple particle states. In the basis of lattice configurations
(which is neither an eigen basis of T nor T ), the states are given by |∅〉, |1〉, |2〉,
|3〉, |4〉, |1, 3〉, |2, 4〉. Explicitly writing down the transfer matrix and translation
matrix in this basis yields

T4 =




1 0 0 0 0 0 0
0 0 0 0 1 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0




, (6.3)

T4 =




1 i i i i −1 −1
i 0 −1 −1 −1 0 −i
i −1 0 −1 −1 −i 0
i −1 −1 0 −1 0 −i
i −1 −1 −1 0 −i 0

−1 0 −i 0 −i 0 1
−1 −i 0 −i 0 1 0




. (6.4)

We have taken the translation to the right and constructed a symmetric version
of the transfer matrix. For the eigen vectors of the translation matrix T4 we

1Here we have no special factors of −1 when fermions are translated across the boundary,
as in the modified supersymmetric Heisenberg chain of section 4.3. The twist in the boundary
conditions there was the result of specific mapping that was applied.
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find

{




1
0
0
0
0
0
0




,




0
1
1
1
1
0
0




,




0
1
−i
−1
i
0
0




,




0
1

−1
1

−1
0
0




,




0
1
i

−1
−i
0
0




,




0
0
0
0
0
1
1




,




0
0
0
0
0
1

−1




} (6.5)

where the eigenvalues are 1, 1, i, -1, −i, 1 and -1 respectively. The vectors can be
constructed using 6.2, starting from |∅〉, |1〉 and |1, 3〉. The normalisation factors
we obtain are 1/4, 1/2 and

√
2/4. The two eigenvectors with non-degenerate

eigenvalues i and −i must be eigenvectors of T4 as well.
Looking at the action of T4 in the sectors where t 6= 1, for example at the

single particle state with eigenvalue -1 (eigenvector 4), and denoting this single
particle state by [1], we see that

(T4)[1][1] ≡ (〈1|+ t1 〈2|+ t2 〈3|+ t3 〈4|)1
2
T4(|1〉+ t−1 |2〉+ t−2 |3〉+ t−4 |4〉)1

2

= z(t+ t2 + · · ·+ tn−1)

= −z, (6.6)

where we used
∑N−1

k=0 tk = 0, which only holds for t 6= 1. The series in t is the
result of |1〉 → z(|2〉 + |3〉 + |4〉), etc. and that all these terms have a different
factor of t in Vi. The formula holds for all values of n, provided we start with
a single particle eigenvector with an eigenvalue differing from 1.

The next step is to look at the non-diagonal elements of T in the same
sector. In our example, the only other eigenvector with eigenvalue -1 is the
seventh, which we denote by [i]. The corresponding transfer matrix element is
given by

(T4)[i][1] ≡ (〈1, 3|+ t 〈2, 4|)
√
2

2
T4(|1〉+ t−1 |2〉+ t−2 |3〉+ t−3 |4〉)1

2

=

√
2

4
(t−1 + t−3 + t+ t−1)z3/2

= −
√
2z3/2. (6.7)

The general formula for entries starting from a single particle eigenvector with
eigenvalue unequal to 1 is given by2

(TN )[i][1] = z(fi+1)/2

√
Ni

n
τ([i]; t), t 6= 1, (6.8)

where we have introduced a function

τ([i]; t) =

p∑

r=1

tir . (6.9)

2The overall minus signs in [18] are incorrect.

54



In our example the summation is over i1 = 1 and i2 = 3, the occupied positions
of the state vi that we used as a starting point to generate the two particle
translation eigenstates.

In order to obtain the transposed element we need to transpose equation
(6.8). This directly yields (TN )[1][i](t) = (TN )[i][1](1/t) (because t lies on the
complex unit circle t∗ is equal to 1/t). We can generalise our approach to other
matrix elements. The end result is related to the product τ([i]; t)τ([j]; 1/t),
with an extra ’normalisation’ factor to prevent over-counting of combinations.
Rewriting this product as

τ([i]; t)τ([j]; 1/t) =

n−1∑

k=0

ak([i], [j])t
k, (6.10)

we get for general matrix elements (in the t 6= 1 sector):

(TN )[i][j] = z(pi+pj)/2

√
NiNj

N

n−1∑

k=0

θ(ak([i], [j]))t
k, t 6= 1, (6.11)

where θ(a) = 1− δa0. One can check this results for (TN )[i][1].
The formula for the sector t = 1 can be found using similar arguments:

(TN )[i][j] = z(pi+pj)/2

√
NiNj

N

(
N −

n−1∑

k=0

θ(ak([i], [j]))

)
. (6.12)

A quick check on this result is looking at (TN )[1][1].
Even though the observation that the transfer matrix has to commute with

the translation operator is a useful one, as it breaks down the transfer matrix into
several sectors that can be treated separately, it has not helped us gain insight
into the special properties of the eigenvalues. Furthermore, the exponential
growth of the dimension of Tn will also cause the different sectors to grow in
size quickly, so numerical analysis will still be difficult for large n. Nevertheless,
we present yet another formula for the general entries of the transfer matrix
below.

An alternative Formulation

We keep the method of constructing eigenvectors of the translation operator T .
Eigenstates V[i] we now denote as:

|V[i1...ip]〉 =
√Ni

N

n−1∑

a=0

t−aT a |i1 . . . ip〉 . (6.13)

For the moment we will ignore factors of z. A random configuration vector
|i1 . . . ip〉 transforms as follows:

Tn |i1 . . . ip〉 ≡
∣∣∣ĩ1 . . . ĩp

〉
. (6.14)
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Here the vector |ĩ1 . . . ĩp〉 denotes the superposition with equal weight of all
states that do not have particles at the positions i1 . . . ip. The inner product of
a configuration vector with one of these vectors yields the following:

〈
i1 . . . ip | j̃1 . . . j̃q

〉
=

p∏

a=1

q∏

b=1

(1− δiajb
). (6.15)

Using this, we can write down a general formula for matrix entries of Tn in the
basis of translation eigenvectors:

〈
V[i]

∣∣Tn

∣∣V[j]

〉
=

√Ni

N

√
Nj

N

n−1∑

a=0

n−1∑

b=0

tat−b 〈i1 . . . ip| T aTnT b |j1 . . . jq〉

=

√Ni

N

√
Nj

N

n−1∑

a=0

n−1∑

b=0

tat−b
〈
i1 . . . ip | ˜(j1 + a+ b) . . . ˜(jq + a+ b)

〉

= z(p+q)/2

√Ni

N

√
Nj

N

n−1∑

a=0

n−1∑

b=0

tat−b

p∏

c=1

q∏

d=1

(1− δic,jd+a+b).

(6.16)

In the last line we have re-inserted the correct factor of z.

Defectiveness

The square lattice transfer matrices are defective (see section 5.2.3), so this
is no longer just a theoretical possibility that we mentioned only for the sake
of completeness. A test for defectiveness of T is to check whether T† · T =
T ·T†. Any matrix that passes this test is called normal. We find that the first
nontrivial transfer matrix T2 already fails the test:

[
T†,T

]
=




0 4i 4i
−4i 0 0
−4i 0 0


 6= 0. (6.17)

6.1.3 Open Boundary Conditions

The Witten index table for the open boundary square lattice is similar to that of
the periodic boundary case (see appendix A). It has different values of course,
but these stay relatively small as well. To implement open boundary conditions
in both directions, we need to make two changes. First, we include all row
configurations that have both outer sites occupied, as these fermions no longer
shield each others positions. The transfer matrix will now turn out to be slightly
larger. In fact, using the arguments from section 4.2.1, we see that Dn is no
longer equal to L(n) but to the strongly related series generated by

Dn =

(n+1)/2∑

r=0

(
n− r + 1

r

)
.
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Second, we can implement open boundary conditions in the column direction
by inserting an empty row. This we can do by multiplying with a transfer
matrix that has 1’s in the first column (the one corresponding to the empty row
configuration) and 0’s in all other entries.

When calculating characteristic polynomials of the transfer matrix however,
we just focus on open boundary conditions in the row direction. We find that
the roots of the characteristic polynomial are once more on the complex unit
circle. An important difference with the periodic boundary case is that the
string structure is destroyed: the roots are no longer evenly spaced. This is
apparent in table 6.3

n Dn arg λ in units of π
1 1 ± 1

3
2 3 0, ± 1

2
3 5 0, ± 1

4 , ± 3
4

4 8 0, ± 1
3 , ± 1

2 , 1
5 13 0, ± 1

5 , ± 1
4 , ± 2

5 , ± 3
5 , ± 3

4 , ± 4
5

6 21 0 (3×), ± 1
7 , ± 2

7 , ± 3
7 , ± 1

2 (2×), ± 4
7 , ± 5

7 , ± 6
7 , 1 (2×)

Table 6.3: arguments of eigenvalues for square lattice (A) open b.c.

6.1.4 The Transfer Matrix Determinant

Because the transfer matrix is symmetric and complex, it is related to the unit
matrix through a series of congruence transformations3 Because in our case
we can find a series of congruence transforms that have determinant equal to
1, this means it is possible to systematically reduce the determinant of any
transfer matrix Tn for the periodic boundary case to the determinant of the
corresponding unit matrix.

We will first illustrate how to reduce the determinant of any square lattice
transfer matrix to a unit matrix determinant. We then indicate how this can
be formulated in terms of congruence transforms.

Let us once more look at the case n = 4:

detT4 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 i i i i −1 −1
i 0 −1 −1 −1 0 −i
i −1 0 −1 −1 −i 0
i −1 −1 0 −1 0 −i
i −1 −1 −1 0 −i 0

−1 0 −i 0 −i 0 1
−1 −i 0 −i 0 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (6.18)

First, we subtract from every column but the first, the values in the first column
multiplied by idf , where df the difference in the number of fermions of the two

3In B = A
t ·T ·A, the matrix B is obtained from T through a congruence transform A.

57



configurations (as the number of fermions in the first configuration is zero, df
is here just the number of fermions of that particular column’s configuration).
This yields

detT4 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0 0
i 1 0 0 0 i 0
i 0 1 0 0 0 i
i 0 0 1 0 i 0
i 0 0 0 1 0 i

−1 i 0 i 0 −1 0
−1 0 i 0 i 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (6.19)

The special symmetry of the transfer matrix guarantees that all nonzero entries
become zero after this step. To clean up the new nonzero entries, we subtract
from the multiple particle configurations idf times those one particle configura-
tions that have particles in overlapping positions. Doing so, means in this case
subtracting i times the second and fourth column from the sixth and i times
the third and fifth from the seventh. We are done now:

detT4 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0 0
i 1 0 0 0 0 0
i 0 1 0 0 0 0
i 0 0 1 0 0 0
i 0 0 0 1 0 0

−1 i 0 i 0 1 0
−1 0 i 0 i 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (6.20)

This lower triangular matrix of course has determinant 1. Repeating the op-
erations on the rows as well, we end up with the unit matrix. In the case of
larger n one also has to subtract states like |1, 3〉 from |1, 3, 5〉 etc., but not from
|1, 4, 6〉. The overlap must be complete.

Starting from the transfer matrix instead of its determinant, the column
operations can be performed by multiplying Tn with a shear matrix from the
right. These matrices have determinant 1 and therefore leave invariant the total
determinant. The row operations can performed by left multiplication by the
transposed shear matrix. Thus we have a series of congruence transforms when
we apply the column operators followed by their corresponding row operators.

If determinant equal to 1 automatically implied that the eigenvalues are
on the complex unit circle, the observation above could be used to construct a
proof of the conjecture in [18]. But unfortunately this is not the case. Even if we
further impose that the sum of them-th powers of the eigenvalues, tm1 +· · ·+tmn′ ,
is an integer, for all m (which we know to be the case from the interpretation of
this sum as the Witten index), there are still counter examples like the following
matrix: 


−1 0 0

0 1
2 + 1

2

√
5 0

0 0 1
2 − 1

2

√
5


 . (6.21)

The two irrational numbers are the generators of the Lucas numbers that we
have seen before.
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Note that this particular systematic reduction to the unit matrix determi-
nant is not possible for the other lattice types. The triangular lattice (C) transfer
matrix, for instance, is not symmetric and the square dimer lattice(B) was con-
structed using summations over vertical dimer configurations which spoils the
possibility of removing all nonzero entries in a single sweep.

6.2 The Square Lattice With Small Holes (G)

The square lattice with small holes has an index table that is completely similar
to that of the square lattice without holes, with the exception of the signs.
We have included this table in the appendix, along with a table of eigenvalues.
The special string properties do not occur here. The transfer matrices are the
product of two differing matrices A and B, resulting in a Witten index given
by

W = Tr Tm/2 = Tr (A ·B)m/2. (6.22)

The matrix A deals with the addition of a row with holes to a complete row.
As explained in section 5.2.2, we can take A to be given by the square lattice
transfer matrix with certain columns set to zero. These columns correspond to
configurations that would have put a fermion in a hole. Matrix B deals with
the addition of a complete row to a row with holes, but the matrix adding a
complete row to a complete row can be used without changing the outcome for
the index, as illegal combinations that are now overlooked were already taken
care of by A. There is however, an advantage to using as B the transpose of
A, which adds a complete row to a row with holes. We then find that the
dimensionality of T reduces significantly by using the fact that the trace of a
matrix product is invariant under cyclic permutation of the matrices:

W = Tr T′m/2 = Tr (B ·A)m/2. (6.23)

The matrix T′ is guaranteed to have zeroes in both the columns and rows cor-
responding to combinations that would have put a fermion in a hole. The
unaffected entries contain the same values as the corresponding entry of the
inner product of the ordinary square lattice transfer matrices.

That the transfer matrix actually generates the same numbers as the square
lattice transfer matrix, only with different signs, can not be seen using this type
of reasoning. It can be proven using cohomology techniques that are unfortu-
nately beyond the scope of this thesis. They are briefly mentioned in [17] and
are the focus of current research [16].

6.3 The Square Lattice With Large Holes (H)

If the holes are made too large, the special properties of the index and transfer
matrix are lost. The table becomes very simple: an entry corresponding to
an odd number of sites centred between four holes becomes zero, and an entry
where we have an even number of these sites, becomes two.
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This is a consequence of the fact that the eigenvalues become extremely
simple. For the first few lattice sizes all eigenvalue are zero with the exception
of two that are either −1, 1 or 1, 1.

Again, the explanation of all this is beyond the scope of the thesis. We only
repeat the observation that changing the order of the transfer matrices (three
in this case) used to obtain the final transfer matrix reduces the dimensionality
of the problem.

6.4 Further Remarks

While the square lattice results forW are fascinating from a mathematical point
of view, their physical relevance is unfortunately limited. Recall that the Wit-
ten index gives us a lower bound on the number of ground states and having
this lower bound relatively close to zero is not very informative. Furthermore,
current research seems to indicate that the bizarre values of W are a math-
ematical coincidence and that the actual number of ground states does grow
exponentially, just like those of the other examined lattices. An exception to
this exponential growth is the square lattice with large holes, that has only two
ground states.
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Chapter 7

The Witten Index And
Exactly Solved Lattice
Models

7.1 Introduction

In section 4.2 it was first mentioned that the Witten indexW is merely a special
case of Z, with activity z = −1. This raises the question whether, in cases where
Z is known analytically for z ≥ 0, it is possible to extend this exact solution to
the ’unphysical’ regime z < 0. If this were possible, we would be able to find an
analytic formula for Z around −1 and know W exactly.

Unfortunately, we did not succeed in finding an analytical solution for the

Witten index for any of the treated lattices. Nevertheless we will treat exactly
solved lattice models in some detail. We do this for the following reasons. First,
in the high temperature limit Z is determined by z only, which means that
the following formulae for Z at z ≥ 0 are applicable to our supersymmetric
model as well in this limit (as long as we maintain nearest neighbour exclusion).
Second, at z = 1, the partition function gives the total number of possible
configurations, which we denoted by C in an earlier chapter. It is therefore
of interest as a number to compare the Witten index with. Dividing W by
C tells us the fraction of total states that consists of ground states (and for
high temperatures the chance of finding the system in a ground state after a
measurement). And third, the relation between the Witten index and exactly
solved lattice models puts the first in a broader perspective and illustrates once
more (like in chapter 6) the mathematical subtleties of the Witten index transfer
matrices.
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Figure 7.1: The hard hexagons model is given by triangular lattice with nearest
neighbour exclusion

7.2 The Yang-Baxter Equation

The Yang-Baxter equation is a generalisation of the Star-triangle relation, which
is a duality relation between the triangular lattice and the hexagonal lattice.
These kind of relations have proven to be very useful when attempting to ’solve’
lattice models. Through comparing different related lattices and their partition
functions it is possible to eliminate certain variables and obtain information on
common aspects of their partition functions. One could use duality relations for
example to obtain the location of the critical point of the lattice (this was done
by by Kramers and Wannier for the Ising model on the square lattice, see [25],
[26] or [7]). The Yang-Baxter equation is surprisingly strong: the free energy of
the Ising model can be derived from the star-triangle relation and its corollaries
alone.

The restrictions that the Yang-Baxter equation imposes are a crucial ingre-
dient in the derivation of the partition function of the hard hexagon model.
This exact solution was obtained by Baxter [6]. In the hard hexagon model
one puts hexagons on a lattice and allows their edges to touch but not overlap.
Figure 7.1 shows that this model is equivalent to the triangular lattice model
with nearest neighbour exclusion. It is interesting to see if this particular exact
solution carries over to the z < 0 regime. We will start this investigation by
deriving the Yang-Baxter equation.

7.2.1 Derivation of the Yang-Baxter equation

The Yang-Baxter equation determines whether or not two transfer matrices
commute. We construct transfer matrices from the weight of the lattice faces,
where each face is a minimum unit containing all interactions in a lattice and
carries a weight w (this means that we assume only short-range interactions).
These weights are a function of the values of the sites surrounding the face.
The corresponding lattice model is called, after Baxter, an IRF model, where
IRF stands for Interaction Round Faces. The partition function is obtained by
summing over the weights of all faces.

A row-to-row transfer matrix T will have the following form:

Tσ,σ′ =

N∏

j=1

w(σj , σj+1, σ
′
j+1, σ

′
j), (7.1)
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Figure 7.2: two adjacent faces with different weight

where we assume periodic boundary conditions connecting the last vertex on a
row to the first.

A different w (say, w′) corresponds to a different IRF model. If we denote
its transfer matrix T ′, then the question we want to see answered is whether

∑

σ′′

Tσσ′′T
′
σ′′σ′ =

∑

σ′′

T ′σσ′′Tσ′′σ′ . (7.2)

Using equation 7.1 we can write the LHS of 7.2 as follows:

∑

σ′′

Tσσ′′T
′
σ′′σ′ =

∑

σ′′
1
,σ′′

2
,...,σ′′

N

N∏

j=1

w(σj , σj+1, σ
′′
j+1, σ

′′
j )w

′(σ′′j , σ
′′
j+1, σ

′
j+1, σ

′
j)

≡
∑

σ′′
1
,σ′′

2
,...,σ′′

N

N∏

j=1

S(σj , σ
′
j | σj+1, σ

′
j+1)σ′′j σ′′j+1

= Tr S(σ1, σ
′
1 | σ2, σ

′
2)S(σ2, σ

′
2 | σ3, σ

′
3) . . .S(σN , σ

′
N | σ1, σ

′
1).

(7.3)

Now, asking if 7.2 applies, is the same as asking if there exist two-by-two
matrices M(a, a′) such that

S(a, a′ | b, b′) = M(a, a′)S′(a, a′ | b, b′)[M(b, b′)]−1, (7.4)

where S′ is the transfer matrix obtained by interchanging w and w′. Because
7.3 is written in terms of a trace over matrices, the matrices M and M−1 will
cancel out.

If we now post-multiply this equation by M(b, b′), write the elements (c, d)
of M(a,′ a′) as w′′(c, a, d, a′) and write S,S′ in terms of w and w′, we obtain

∑
c w(a, b, c, a

′′)w′(a′′, c, b′, a′)w′′(c, b, b′′, b′)

=
∑

c w
′′(a′′, a, c, a′)w′(a, b, b′′, c)w(c, b′′, b′, a′). (7.5)

This is the famous Yang-Baxter equation. The equation can be represented
graphically as in figure 7.3. It should hold for all values of a, a′, a′′, b, b′, b′′. If
these variables can only take two values, say 0 and 1, we have 26 = 64 equations.
In actual calculations most of these equations will reduce to trivial identities.
Nevertheless, in some cases such as the hard hexagons model, the equations that
remain impose restrictions powerful enough on the weights w′ and w′′ to obtain
useful results.
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Figure 7.3: Graphical representation of the Yang-Baxter equation
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Figure 7.4: Hard square with diagonal interactions L and M .

7.2.2 Application to Hard Squares and Hard Hexagons

We will confine ourselves to two lattice types: the square lattice (A) and the
triangular lattice (C). The corresponding models are called the hard square
model and the hard hexagon model. Starting from a hard square model with
diagonal interactions (see figure (7.4)), we can take for the weight w per face

w(a, b, c, d) = mz(a+b+c+d)/4eLac+Mbdt−a+b−c+d , ab = bc = cd = da = 0
= 0 , otherwise.

(7.6)
When no sites next to each other are occupied, w is the product of four

terms, a normalisation factor m that we will set equal to one, an activity z
per particle, an exponent that includes the weight of the diagonal interactions
and a term t that we are free to add in this form because it cancels out when
calculating the partition function. The factor 1/4 is due to the fact that every
site is shared by four faces. If we take L = M = 0 we have the hard squares
model. If we take L = 0 and M = −∞ we have the hard hexagon model.

If we use 7.6 and analogous equations for w′ and w′′ in the Yang-Baxter
equation 7.5 and fill in different combinations of a, a′, a′′, b, b′, b′′, we end up with
seven distinct equations (after each equation is given a combination (a, a′, a′′, b, b′, b′′)
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that yields it as a result) :

(z′z′′)
1
2 = s+ s2eL, (0, 0, 0, 0, 1, 0)

(z′′z)
1
2 = s+ s2eL

′

, (0, 0, 0, 1, 0, 0)

(zz′)
1
2 = s+ s2eL

′′

, (0, 0, 1, 0, 0, 0)

z(z′z′′)
1
2 eM = s2 + s3eL

′+L′′ , (0, 0, 1, 1, 0, 0)

z′(z′′z)
1
2 eM

′

= s2 + s3eL
′′+L, (0, 0, 1, 0, 1, 0)

z′′(zz′)
1
2 eM

′′

= s3 + s3eL+L′ , (0, 0, 0, 1, 1, 0)

zz′z′′eM+M ′+M ′′

= s3 + s4eL+L′+L′′ , (1, 1, 0, 0, 1, 0)

(7.7)

In these equations s stands for (zz′z′′)1/4/(tt′t′′). We have also swapped L′ and
M ′ for a convenient presentation. Multiplying the first with eL

′

, the fourth with
eL and subtracting the fourth from the first, we obtain the corollary

((z′)1/2eL
′ − z1/2eL)(z′′)1/2 = (eL

′ − eL)s. (7.8)

Multiplying the third of the equations by s and the sixth and seventh by s−1,
we find that these eight equations form a set that is linear and homogeneous in
the following five expressions:

(z′′)1/2, s, s2, s3eL
′′

, s−1z′′eM
′′

. (7.9)

Their coefficients are independent of s, z′′, L′′,M ′′. We can write any five of
these equations in terms of matrices and vectors. The first five, for example,
then yield:



(z′)1/2 −1 −eL 0 0

z1/2 −1 −eL′ 0 0
0 (zz′)1/2 −1 −1 0

z(z′)1/2eM 0 −1 −eL′ 0

z′z1/2eM
′

0 −1 −eL 0







(z′′)1/2

s
s2

s3eL
′′

s−1z′′eM
′′




= 0. (7.10)

From linear algebra it is known that for a set of n linear homogeneous equations
multiple solutions exist if and only if the matrix A containing the coefficients of
the variables has rank smaller than n. This means that the vectors given by the
coefficients are linearly dependent and that the determinant of A is zero. In our
case, setting the determinant of the matrix obtained by combining coefficients
of any five equations (or four not involving M ′′) equal to zero therefore gives us
a method to obtain possible nontrivial solutions for z, L,M, z ′, L′,M ′.

To express the result of this procedure, we define ∆1,∆2,∆3 as

∆1 = z−1/2(1− zeL+M ), (7.11)

∆2 = z1/2(eL + eM − eL+M ), (7.12)

∆3 = z−1/2(e−L + e−M − e−L−M − zeL+M , (7.13)

and ∆′1,∆
′
2,∆

′
3 by changing z, L,M into z′, L′,M ′. The resulting equations

when evaluating different determinants are

∆i = ∆′i, i = 1, 2, 3. (7.14)

65



The first of these is obtained by evaluating the combination of the first, second,
fourth and fifth equation in (7.7). The second by evaluating the third, fourth,
fifth equation in (7.7), together with (7.8). The last by evaluating the fourth,
fifth, sixth, seventh equation in (7.7) and (7.8) .

A corollary of (7.14) is

∆1∆2 − 1 = (∆3 −∆1 −∆2)z
1/2eL+M . (7.15)

Normally, for given ∆1,∆2,∆3, (7.15) will define z
1/2eL+M and using (7.14)

we can obtain z, L,M . But if ∆1,∆2,∆3 satisfy the constraints

∆2 = ∆−1
1 , ∆3 = ∆1 +∆−1

1 , (7.16)

then (7.15) no longer defines z1/2eL+M and as a result (7.14) has infinitely many
solutions for z, L,M .

From (7.14) we find that the constraints (7.16) are satisfied if

z = (1− e−L)(1− e−M )/(eL+M − eL − eM ). (7.17)

Further, setting ∆ = ∆1, we conclude that if two models have the same value
of ∆ and both satisfy (7.17), their transfer matrices will commute.

Finally, what does this mean for the hard hexagon and hard square models?
If we let L,M → 0, which is the hard square model, equation (7.17) is only
satisfied for z = 0. It is therefore not possible to obtain an exact solution for
the hard square model with more general z other than the trivial z = 0. The
hard hexagon case, however, is different. In the limit L → 0 and M → −∞,
equation (7.17) is satisfied for all z, even z < 0.

7.3 Exact Solution For Positive Activity

Using the Yang-Baxter equation Baxter solved the hard hexagon model for
positive z. His argument is too long and involved to be repeated here, especially
since it cannot be applied to the z = −1 case (for a derivation, see [7], [6] or [3]).
The reason that we cannot apply his derivation to our case it that at some point
he makes use of a theorem from matrix theory known as the Perron-Frobenius
theorem (see for example [27]). It states that an indecomposable matrix A has
only a single nonnegative eigenvector and that its corresponding eigenvalue is
the largest eigenvalue of A. But, and this makes a direct application to our
z = −1 case impossible, the theorem requires the matrix A to be nonnegative.

When z ≥ 0, the hard hexagon model knows two phases, a disordered phase
for z small and an ordered phase for z large. The critical point that marks the
transition between the two phases is zc = 1

2 (11 + 5
√
5) ≈ 11.01. The partition

function κ per site is defined by κ = limZ→∞ Z1/N . For values below and above
the critical point it is given in terms of an auxiliary variable x. z is given in
terms of x as well, and the mapping between z and κ via x is one-on-one.
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Figure 7.5: Partition function per site of the hard hexagon model

We first define the following functions:

G(x) =

∞∏

n=1

[(1− x5n−4)(1− x5n−1)]−1, (7.18)

H(x) =

∞∏

n=1

[(1− x5n−3)(1− x5n−2)]−1, (7.19)

Q(x) =
∞∏

n=1

(1− xn). (7.20)

Below the critical point we have −1 ≤ x ≤ 0 and

z = −x[H(x)/G(x)]5, (7.21)

κ =
H3(x)Q2(x5)

G2(x)

∞∏

n=1

(1− x6n−4)(1− x6n−3)2(1− x6n−2)

(1− x6n−5)(1− x6n−1)(1− x6n)2
. (7.22)

Above the critical point we have 0 ≤ x ≤ 1 and

z = x−1[G(x)/H(x)]5, (7.23)

κ =
x−1/3G3(x)Q2(x5)

H2(x)

∞∏

n=1

(1− x3n−2)(1− x3n−1)

(1− x3n)2
. (7.24)

At z = 1 we have κ ≈ 1.39549. The functions have been plotted in figure 7.5.
There we have approximated the infinite product series by series with n up 5000.
It is clearly visible that the two functions do not match at the critical point.
This is due to our finite series approximation. In the infinite series solution the
critical point will appear as a higher order discontinuity in the free energy.

7.4 Analyticity Beyond z = 0

It is possible to extend the exact solution somewhat beyond z = 0 by analytic
continuation. If there were no critical points between -1 and 0, we could even
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Figure 7.6: Partition function per site using 10× 4 lattice approximation

assume that the partition function is exactly given by this continuation. Unfor-
tunately this strategy is of no avail either. At a certain point zNP the partition
function becomes zero. Gaunt (see [7]) calls this point the non-physical critical
point and it is located at 1

2 (11 − 5
√
5), which is approximately -0.090. It is

called non-physical because it corresponds to negative z. We have no clues on
the analytical form of κ beyond this point and no indications on how many
discontinuities exist between this point and −1.1

7.4.1 Row-to-Row Matrix approximations

To get a general idea of what happens beyond z = 1
2 (11−5

√
5) we have plotted

the partition function of a finite lattice, see 7.6. The plot does not look very
reassuring, as it apparently shows multiple discontinuities (which perhaps do
not exist in the infinite lattice limit but we do not know that yet). Further, the
main discontinuity for positive z does not appear at all (which is in agreement
with the physical notion that phase transitions occur only at systems with large
numbers of particles). That could mean that there are numerous critical points
still hidden in the plot that only show up in the infinite lattice size limit.

Another point of interest is what happens to the transfer matrix eigenvalues
at the non physical critical point. The point marks the place where the eigenval-
ues become complex, as is illustrated in 7.7. Because the complex eigenvalues
come in pairs one has to be cautious when approximating the partition function
by the largest eigenvalue and following its behaviour over some range of z. Fig-
ure 7.8 shows the real part of the two largest eigenvalues and figure 7.9 shows

1A theorem by Yang and Lee ([34] and [35]) connecting critical points to zeroes of the
partition function could possibly be of interest here. But the theorem is formulated in [34]
only for positive z and we have at this point no information on zeroes of κ beyond zNP either.
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the norms of the largest four eigenvalues. This last figure indicates that there
are no level crossings. All figures where obtained using finite lattice (n = 6)
transfer matrices.

7.5 Corner Transfer Matrix Approximation

Because in many cases we can approximate the partition function by the largest
eigenvalue of a transfer matrix, it seems sensible to look for methods for ob-
taining this largest eigenvalue directly. Baxter has devised an approximation
method to do so (see [9], [4], [5], [8]). We will treat this in detail, because it is
through the application of this method that Baxter was led to his exact solution
for the case of hard hexagons, though with the benefit of hindsight it is easy
enough to see why this approximations fails as well for negative activity.

The iterative method that will described in the following subsections is ex-
tremely accurate, which makes it interesting in its own right as well. The key
to the method is a clever change of tactics: instead of treating the problem as
a combinatorial one, we change it into a variational problem. We will define
new transfer matrices and construct relations between these matrices that are
exactly valid in the infinite lattice case. Then, we will still assume these equa-
tions to hold, but approximate the infinite dimensional transfer matrices that
the equations are based on by finite dimensional matrices.

7.5.1 Corner Transfer Matrices

To systematically sum over all options on the lattice using transfer matrices
we divide the lattice into different parts. Up to now we have been cutting the
lattice into ribbons and then associated a row-to-row transfer matrix with each
ribbon, but this is by no means necessary. A different method is to divide
the lattice into quadrants, as if we were cutting a cake into four pieces. If we
assume all internal spins in a given quadrant to have been summed over already
when constructing the transfer matrix (like the way we summed over vertical
contributions when treating the dual square lattice), the only degrees of freedom
are the spins on the edges of each quadrant. If we treat these spin configurations
as the rows and columns of the resulting so-called corner transfer matrices, we
obtain the partition function by taking the trace of the product of the four
transfer matrices of the quadrants:

Z = TrABCD. (7.25)

It is clear that this it not a good way to obtain an approximation for infinite
lattices if we carry on in a similar procedure as with the row-to-row transfer
matrices, because the construction of the corner transfer matrices will rapidly
become extremely time-consuming (remember that all internal spin configura-
tions will have to be summed over).

In the case of hard hexagons, a division of the lattice into six equal parts
instead of four is more convenient for our purposes. This is because the hard
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Figure 7.10: The corner transfer matrices A and F

hexagon model is completely equivalent to the nearest-neighbour exclusion model
on the triangular lattice. We will define a corner transfer matrix A(a) and an
auxiliary matrix F(a, b) (fig. 7.10). We take the spin(s) on top to be fixed
on either occupied (-) or unoccupied (+)2, so the matrices A and F are still
functions of it. Due to the symmetry of our problem we have

AT (a) = A(a),

FT (a, b) = F(b, a) (7.26)

If A was infinite dimensional then the partition function would be given exactly
by

Z =
∑

±

TrA(±)6. (7.27)

7.5.2 graphical interpretation of approximation method

We will assume two things. First, that when the lattice is large is enough the
specific choice of boundary conditions does not matter. In the following we will
no longer take the boundary conditions to be periodic. The second assumption
is that in the infinite lattice limit the contribution per site to the partition
function tends to a well-defined limit. The numerical calculations of chapter
5 of course provide evidence for these assumptions. Recall that we used κ to
denote the contribution per site.

We now give two relations between the different transfer matrices:

∑

b

F(a, b)A2(b)F(b, a) = ξA4(a), (7.28)

∑

c

w(a, b, c)F(a, c)A(c)F(c, b) = η1/2A(a)F(a, b)A(b). (7.29)

The w in the second equation is the same w we encountered before, the weight of
a single lattice face. Because the lattice under consideration here is triangular,
w is no longer a function of four spins but of three instead. In both equations
(7.28) and (7.29) we have done the same thing. We have summed over part of

2we maintain the notation of [9] instead of switching to 0 and 1. There is of course no
principal difference between these notations. + and - are reminiscent of spin configurations.
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the lattice on the LHS and over a slightly smaller part of the lattice on the RHS.
In the infinite lattice limit the contribution per site tends to κ. In order for the
equality sign to hold we multiply the RHS with a certain power of κ: this way
way we sum over equal parts of the lattice on both sides of the equation. ξ and
η are therefore powers of κ.

The two equations can easily be represented graphically. These graphical
representations are shown in figure 7.11 and 7.12. Only the left part of the
lattice is still to be summed over in these figures.

If we take the number of spins on one side of A to be r, we see that in
equation (7.28) we initially missed a string of 2r − 1 spins and that ξ is given
by

ξ = κ2r−1. (7.30)

In s similar way, we find η to be given by

η1/2 = κr. (7.31)

We immediately obtain
κ = η/ξ. (7.32)
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The form of κ has some useful features. We can normalise the matrices A and F

without changing the value of η/ξ, as multiplying A with a factor a and F with
a factor f just gives κ → (f2/a2)/(f2/a2)κ. We can arrange A to be diagonal
as well, as equations (7.28) and (7.29) are unaffected by the transformations

A(a) → PT (a)A(a)P(a), (7.33)

F(a, b) → PT (a)F(a, b)P(b), (7.34)

where P(+) and P(−) are arbitrary orthogonal matrices.
Summarising, we have the following variational statement for κ:

κ =

∑
a TrA

6(a)[
∑

a,b,c w(a, b, c)TrA(b)F(b, a)A(a)F(a, c)A(c)F(c, b)]2

[
∑

a,b TrA
2(a)F(a, b)A2(b)F(b, a)]3

(7.35)
which is variational in that the RHS is stationary when equations (7.28), (7.29),
(7.26) and (7.32) are satisfied.3

7.5.3 the iterative procedure

In order to obtain successively better approximations we devise, after Baxter, an
iterative procedure in four steps. For convenience we first define four matrices:

U(a) =

(
w(+, a,+)F(+,+) w(+, a,−)F(+,−)
w(−, a,+)F(−,+) w(−, a,−)F(−,−)

)
, (7.36)

R(a) = ξ−1/2

(
A(+)F(+, a)A−2(a)
A(−)F(−, a)A−2(a)

)
. (7.37)

We can use these matrices to rewrite equations (7.28) and (7.29) in the following
form (interchanging a and b in the latter equation):

RT(a)R(a) = I, (7.38)

U(a)R(a) = R(a)(η1/2A(a)). (7.39)

The matrices U(+) and U(−) are symmetric. If we use a representation
with A(+) and A(−) diagonal, we see from equation 7.37 that the columns of
R(a) are the eigenvectors of U(a). We now need to repeat the following steps
until we have obtained enough accuracy.

Step 1

Calculate U(+) and U(−) using equation 7.36. By putting the bottom-left
elements equal to the top-right we can ensure symmetry.

3Baxter actually shows that the approximation is equivalent to an approximation procedure
for the largest eigenvalue of the row-to-row transfer matrix. See for example [5].
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Step 2

Obtain the eigenvalues and eigenvectors of U(+) and U(−) and arrange them
in the order of decreasing norms of the eigenvalues

Step 3

Now set η1/2 equal to the largest eigenvalue of U(+)4. Divide all eigenvalues
by this value. If we now set the diagonal elements of A(+) equal to the first
m eigenvalues of U(+) and set those of A(−) equal to the first n eigenvalues
of U(−) we obtain the normalised A-matrices (normalised in the sense that
the top-left element of A(+) is equal to unity. This turns out to be the most
convenient way of normalising in this context).

Step 4

Now calculate the matrices F(a, b) from equation 7.37, by choosing ξ so that
the top left element of F(+,+) is unity.

Implementation

We can implement this algorithm for any dimension of A(a) and F(a, b). Even
the approximation where we take both A(a) and F(a, b) to be one-dimensional
is ridiculously accurate as is shown in [9]. This one-dimensional corner transfer
matrix approximation is called the Kramers-Wannier approximation because
it is equivalent to the one they used for the square lattice Ising model (see [25]
and [26]).

We can also start with a low-dimensional approximation and change to a
higher dimension after a few iterations. To do so, we keep not only the first
m or n eigenvalues in step 3, but also the next largest eigenvalue (or group
of eigenvalues, if they are closely together). The mismatch in the number of
dimensions that then occurs on the different sides of (7.37) can be solved by
adding extra zeroes on the LHS.

7.5.4 Results for Positive activity

As long as we keep the activity z positive, the results we obtain are in excellent
agreement with those of Baxter. We can reproduce lnκ from table 2 in [9]
to all orders for all approximations and figures 7.13 and 7.14 show the same
picture as we would expect from the row-to-row matrix approximation and the
exact solution. Admittedly the horizontal range in these figures is somewhat
limited. This is because the approximation works best when one is not too
close to the critical point and because of some annoying bug in maple (the
approximation algorithm was implemented as a program written for maple. See
http://staff.science.uva.nl/~hveerten/thesis/programs/ for the source
code. The bug in maple is a memory leak when handling matrices).

4Watch out for the little typo in [9] at this point.
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Figure 7.13: κ in the Kramers-Wannier CTM approximation
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The total number of states and ground states

To determine (a lower bound on) the fraction of states that consists of ground
states we need to compare C to W . For hard hexagons we have both an exact
solution for C as an accurate approximation. For C per site we take 1.395485973
and for W per site we take 1.14, resulting in

Fraction of groundstates =
W

C
≈ (0.817)N . (7.40)

7.5.5 What Goes Wrong at Negative Activity

If we recall section 6.1.2, where a test for defectiveness of matrices was men-
tioned, it is crystal clear why the approximation does not work for negative
activity. Already in the Kramers-Wannier approximation we see the problem
appear. Because at the K.W. approximation (F )(−,+) is equal to F(+,−), we
can write U(+) as

U(+) =

(
1 eiπ/3F

eiπ/3F 0

)
. (7.41)

The test for defectiveness yields

[
U†(+),U(+)

]
=

(
0 F (eiπ/3 − e−iπ/3)

F (e−iπ/3 − eiπ/3) 0

)
6= 0. (7.42)

This has the implication that equation 7.38 does not hold and the whole
algorithm breaks down.
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Chapter 8

Outlook

8.1 Introduction

Now that we have a manifestly supersymmetric lattice model and we have stud-
ied some of its properties on various lattices, what can we do next? There are
three reasons why the SUSY lattice model is of possible interest. First, as a
tool to gain a better understanding of supersymmetric field theories. One could
hope that the explicit representation we have shows us some of these theories’
inner workings. Because in this thesis we have completely left out the relation
between the SUSY lattice model and (conformal) field theory, we will not go
into that here and certainly offer no speculations on the subject.

The second reason the model is of interest is it that provides a novel tool that
we can use in statistical physics. We have seen an example of this in the mapping
to the one dimensional Heisenberg chain. While the mapping was somewhat
unnatural, it did simplify the Bethe Ansatz equations. In two dimensions, the
SUSY structure provided us with a means to examine the degeneracy of the
ground state.

Ultimately, we should want to inbed this supersymmetric structure in a phys-
ically realistic model, and at this point the current situation leaves something
to be desired. The restriction to hard particles is not a problem, a minimum
spacing between two particles is a physically plausible assumption. The restric-
tion to spinless fermions is problematic, however. A spinless fermion is a purely
theoretical particle. It is even a contradiction in terms as zero spin particles are
bosons by definition.

Another problem is the fact that the model is fine-tuned. It only works at
specific values of the coupling constants of the resulting Hamiltonian. This of
course, greatly restricts the applicability of the model to physical situations.

The third reason why the model is of interest, is mathematics. The square
lattice puzzle illustrates that the model can give rise the interesting mathemat-
ical structures.

Before ending the thesis, we use this chapter to present some last thoughts
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on SUSY lattice models.

8.2 Three Dimensions

A question of interest is whether the special properties of the square lattice
transfer matrices still hold in the three dimensional case, where we have plane-
to-plane matrices instead of row-to-row matrices. It turns out that this is not
the case. We present a table (8.1) containing the 34 eigenvalues of the 3 × 3
transfer matrix for the system with periodic boundary conditions. It is clear
from this table that not even the norms of the eigenvalues are all equal to one.
However, the determinant still is equal to one.

no. | λ | arg λ no. | λ | arg λ
1 1.89 1.27 18 0.44 -2.21
2 1.92 -3.14 19 1.00 0.86
3 1.89 -1.27 20 1.00 0.86
4 1.41 0 21 1.00 -0.86
5 1.29 2.53 22 1.00 -0.86
6 1.29 -2.54 23 1.00 -1.57
7 1.72 -3.14 24 1.00 -1.57
8 1.72 -3.14 25 1.00 -1.57
9 1.15 1.87 26 1.00 1.57

10 1.15 1.15 27 1.00 1.57
11 1.17 0.57 28 1.00 1.57
12 1.15 -1.87 29 0.56 -3.14
13 1.17 -0.57 30 0.58 3.14
14 1.15 -1.15 31 0.58 3.14
15 0.49 1.14 32 1.00 0
16 0.44 2.21 33 1.00 0
17 0.49 -1.15 34 1.00 0

Table 8.1: Eigenvalues of 3× 3 square lattice (3D)

8.3 Different Models

As was shown in chapter 2, we have some freedom in constructing represen-
tations of Q,Q† on the lattice. In principle, the only constraint is that the
generators should be the product of a bosonic and a fermionic operator. The
art now is to find a bosonic operator and a summation over lattice sites that
eventually yield a non-trivial Hamiltonian. In this section, we will discuss two
representations of Q and Q†.

78



8.3.1 Including Tunable Parameters

It was mentioned in the introduction that it is desirable to have a supersymmet-
ric Hamiltonian that is not necessarily fixed at specific values of the coupling
constants. The most direct way to obtain such a Hamiltonian would be just to
start from what we have and include extra variables. In one dimension1 we take

Q† =
∑

i

(α− βni−1)c
†
i (α− βni+1), Q =

∑

i

(α− βni−1)ci(α− βni+1). (8.1)

If we now use
H = {Q†, Q}, (8.2)

and keep carefully applying the correct (anti-)commutation relations we obtain

H = β(2α− β)
∑

i

[Pi+1c
†
i ci−1Pi−2 + Pi−1c

†
i ci+1Pi+2] +

∑

i

P 2
i−1P

2
i+1, (8.3)

where we have
Pi = (α− βni) = (α− βc†i ci). (8.4)

Note that the P ’s are now no longer projection operators. Other than that,
the Hamiltonian is similar in structure to our original one. We are still free
to tune α and β without destroying the SUSY structure and the eigenvalues
become dependent on these variables. In figures 8.1 and 8.2, we have plotted
the spectrum for N = 4, for different values of α and β.

We see from these figures that, when we look at the entire Hilbert space
(we have no reason to restrict ourselves to hard core particles any more),
the Witten index of the system is always zero. This makes sense, for when
we have no hard core particles, the sites essentially decouple and for every
bosonic (fermionic) configuration with a site unoccupied we have a correspond-
ing fermionic (bosonic) configuration with that site occupied. When we start
from a situation with α 6= β and tune α and β to equal values, energy eigenstates
that approach zero will do so in pairs. Only eigenstates that remain zero for
any (α, β) are ’true’ singlets. Of these there are none and the nonzero Witten
index of the hard-particle model is a result only of our restriction to a specific
subspace of the Hilbert space.

From figures 8.1 and 8.2 we also see that there are level crossings where
excited states become ground states and vice versa. However, the fact that the
P ’s themselves depend on the values of α and β hinders a simple interpretation
of this in terms of interplay between the kinetic and potential term coupling
constants.

8.3.2 Including Bosons

So far we have been working with fermions only. We could explicitly add bosonic
creation and annihilation operators a† and a as well. A simple representation of

1One can easily generalise to higher dimensions, but one dimension is sufficient to illustrate
our point.
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Figure 8.1: α = 0, β = 1 (left) and α = 1, β = 3 (right)
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Figure 8.2: α = 1,β = 1 (left) α = 2,β = 1 (right)
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Q that gives rise to a Hamiltonian with both kinetic and potential terms would
be (in one dimension):

Q† =
∑

i

αc†iai+1 + βc†iai−1,

Q =
∑

i

αcia
†
i+1 + βcia

†
a−1. (8.5)

The resulting Hamiltonian is

H =
∑

i

αβ(c†i ci+2 + c†i ci−2 + a†iai+2 + a†iai−2) + (α2 + β2)(c†i ci + a†iai)

= Hb, even ⊕Hb, odd ⊕Hf, even ⊕Hf, odd. (8.6)

The advantage of this model is that we now have two coupling constants that
we can vary independently. We can therefore apply all the usual mathematical
techniques like renormalisation group etc. to investigate the behaviour of the
model.

On the other hand, the decoupling into four sectors is somewhat strange. It
means that we have found symmetries between necessarily at least two discon-
nected lattices. This is not a bad thing per se, just something that one has to
keep in mind.

The ground states of this Hamiltonian are less interesting than those of the
model with fermions only. In fact, there is only a single ground state in this
model -the vacuum state |0〉. The low energy states contain almost no particles
so the lattice structure does not really offer an interesting complication.

including spin

If we want to move from spinless fermions to a model with spin, a naive first
attempt could be to simply add a spinor index to the SUSY generator, Q→ QA

and Q† → QA. While {QA, QA} does yield the Hamiltonian of 8.6, only with
extra spinor indices, we also get off-diagonal terms that should ideally have been
zero:

{QA, QB 6=A} =
∑

i

αβ(ci,Aci+2,B + ci,Aci−2,B) + (α2 + β2)ci,Aci,B . (8.7)

The occurrence of these terms is in a nutshell what complicates the inclusion of
spin in SUSY lattice models.

8.4 Closing Remarks

The purpose of this thesis was not to present a complete survey of the current
status of the theory of supersymmetric lattice models. Its purpose was mainly
to present the results of numerical calculations on the two-dimensional models
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and to put these in a broader context. We also hope to have shown why super-
symmetric lattice models (the fermionic model in particular) are both relevant
and interesting.

At the moment SUSY lattice models are still the focus of active research.
Schoutens and Fendley [16] currently work on classifying the ground states of
various two-dimensional lattices using spectral sequence techniques from coho-
mology. (In this thesis, the need for this approach became especially clear in
our treatment of the two special square lattices.)

There is also a successful attempt at including spin in the fermionic model
by Santachiara and Schoutens that has been submitted for publication [29].

what’s next?

We feel that the subject of SUSY lattice models is far from exhausted and is, in
fact, just opening up. Personally we think further research should start with a
survey of possible applications of the SUSY lattice models with extensive ground
state entropy to known models that share this property. On top of this, one
could also look at physical systems that have many qualitatively different low
energy states (but not necessarily all precisely equal to zero) like spin glasses.

The next point of interest is the spectral sequence technique referred to
above. This offers a unique approach to statistical models that is exciting enough
in its own right.

Then we have the fascinating question of what happens in the continuum
limit of the two-dimensional lattice models. What field theories describe these?
Are these connected to the conformal field theory description of the SUSY model
on the chain?

Aside from these, we also have the square lattice puzzle that begs to be
solved. It is of course of mathematical interest only and an attempt at solving
it would probably not really fit in with the research directions just described,
but that doesn’t make it less intriguing.

Finally we think that SUSY lattice models are worthwhile even if only as an
intellectual exercise. Theoretical physics has evolved well beyond describing the
world of everyday experience2 into describing the exotic and the bizarre. Maybe
the next breakthroughs will be caused by theorists not focusing on realism but,
like in string theory, just having a great time.

2More accurately, theoretical physicists have.
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Appendix A

Witten Index Data

A.1 Witten Index Tables

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 −1 1 3 1 −1 1 3 1 −1 1 3 1 −1 1 3 1 −1 1 3

3 1 1 4 1 1 4 1 1 4 1 1 4 1 1 4 1 1 4 1 1

4 1 3 1 7 1 3 1 7 1 3 1 7 1 3 1 7 1 3 1 7

5 1 1 1 1 −9 1 1 1 1 11 1 1 1 1 −9 1 1 1 1 11

6 1 −1 4 3 1 14 1 3 4 −1 1 18 1 −1 4 3 1 14 1 3

7 1 1 1 1 1 1 1 1 1 1 1 1 1 −27 1 1 1 1 1 1

8 1 3 1 7 1 3 1 7 1 43 1 7 1 3 1 7 1 3 1 47

9 1 1 4 1 1 4 1 1 40 1 1 4 1 1 4 1 1 76 1 1

10 1 −1 1 3 11 −1 1 43 1 9 1 3 1 69 11 43 1 −1 1 13

11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

12 1 3 4 7 1 18 1 7 4 3 1 166 1 3 4 7 1 126 1 7

13 1 1 1 1 1 1 1 1 1 1 1 1 −51 1 1 1 1 1 1 1

14 1 −1 1 3 1 −1 −27 3 1 69 1 3 1 55 1 451 1 −1 1 73

15 1 1 4 1 −9 4 1 1 4 11 1 4 1 1 174 1 1 4 1 11

Table A.1: Witten Index for m× n square lattice (type A)

The hexagonal lattice tables correspond to the horizontal brick wall. It
has been confirmed that the tables for the vertical brick wall are equal to the
transposed tables. All other tables are symmetric.
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1 2 3 4 5

1 1 -1 -2 -1 1

2 -1 1 8 -15 19

3 -2 8 -26 44 -92

4 -1 -15 44 129 -361

5 1 19 -92 -361 -2344

6 2 4 188 -912 -9158

7 1 -57 -338 4479 -24219

8 -1 129 572 4417 -8241

9 -2 -136 -818 -46612 362068

10 -1 -39 668 5665 2617744

Table A.2: Witten Index for m× n square dimer lattice (type B)

6 7 8 9 10

1 2 1 -1 -2 -1

2 4 -57 129 -136 -39

3 188 -338 572 -818 668

4 -912 4479 4417 -46612 5665

5 -9158 -24219 -8241 362068 2617744

6 -54584 -239790 -630384 1243052 31152804

7 -239790 1495453 9803807 -95946944 -363241257

8 -630384 9803807 -130406911 1458639932 -1665351583

9 1243052 -95946944 1458639932 -980392698 -436754324

10 31152804 -363241257 -1665351583 -436754324 1741554048

Table A.3: Witten Index for m× n square dimer lattice (type B) (continued)

1 2 3 4 5 6 7 8 9 10

1 1 1 1 1 1 1 1 1 1 1

2 1 -3 -5 1 11 9 -13 -31 -5 57

3 1 -5 -2 7 1 -14 1 31 -2 -65

4 1 1 7 -23 11 25 -69 193 -29 -279

5 1 11 1 11 36 -49 211 -349 811 -1064

6 1 9 -14 25 -49 -102 -13 -415 1462 -4911

7 1 -13 1 -69 211 -13 -797 3403 -7055 5237

8 1 -31 31 193 -349 -415 3403 881 -28517 50849

9 1 -5 -2 -29 881 1462 -7055 -28517 31399 313315

10 1 57 -65 -279 -1064 -4911 5237 50849 313315 950592

11 1 67 1 859 1651 12607 32418 159083 499060 2011307

12 1 -47 130 -1295 -589 -26006 -152697 -535895 -2573258 -3973827

13 1 -181 1 -77 -1949 67523 330331 -595373 -10989458 -49705161

14 1 -87 -257 3641 12611 -139935 -235717 5651377 4765189 -232675057

15 1 275 -2 -8053 -32664 272486 -1184714 -1867189 134858383 -702709340

Table A.4: Witten Index for m× n triangular lattice (type C)
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11 12 13 14 15

1 1 1 1 1 1

2 67 -47 -181 -87 275

3 1 130 1 -257 -2

4 859 -1295 -77 3641 -8053

5 1651 -589 -1949 12611 -32664

6 12607 -26006 67523 -139935 272486

7 32418 -152697 330331 -235717 -1184714

8 159083 -535895 -595373 5651377 -1867189

9 499060 -2573258 -10989458 4765189 134858383

10 2011307 -3973827 -49705161 -232675057 -702709340

11 5102879 12409123 18205045 -129877296 -1457956169

12 12409123 232286890 1851105439 1476815313 -1132095426

13 18205045 1851105439 -1938183221 1466459831 1016873233

14 -129877296 1476815313 1466459831 139861123 -1366302204

15 -1457956169 -1132095426 1016873233 -1366302204 1417898645

Table A.5: Witten Index for m× n triangular lattice (type C) (continued)

2 4 6 8 10 12 16 18

2 1 -3 -5 1 11 9 -13 -31

4 -3 1 21 -79 157 -71 -731 3105

6 -5 21 -44 -47 995 6576 32279 -131167

8 1 -79 -47 3329 3801 -134959 -217671 5439681

10 11 157 995 3801 -37009 -1110731 -17397663 -217844591

12 9 -71 -6576 -134959 -1110731 11324392 538444825 105699937

14 -13 -731 32279 -217671 -17397663 538444825 -600643992 -914519359

16 -31 3105 -131167 5439681 -217844591 105699937 -914519359

Table A.6: Witten Index for m× n triangular dimer lattice (type D)

2 4 6 8 10 12 14 16 18

2 -1 -1 2 -1 -1 2 -1 -1 2

4 3 7 18 47 123 322 843 2207 5778

6 -1 -1 32 -73 44 356 -1387 2087 2435

8 3 7 18 55 123 322 843 2215 5778

10 -1 -1 152 -321 -171 7412 -26496 10079 393767

12 3 7 156 1511 6648 29224 150069 1039991 6208815

14 -1 -1 338 727 -5671 1850 183560 -279497 -4542907

16 3 7 1362 12183 31803 379810 5970107 55449303 327070578

Table A.7: Witten Index for m× n hexagonal lattice (type E)
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2 4 6 8 10 12 14 16

2 0 -8 0 32 0 -128 0 512

4 -4 8 32 -224 896 -2176 1536 16896

6 12 88 576 3296 17472 77056 194304 -1139200

8 4 -496 -3056 118912 1287744 -25732864 -439656192 626526208

10 -40 1832 -42400 1088352 -19939840 205139072 -878495232 1612654080

12 44 -2872 -425344 -23115488 84888704 420235264 335598080 -1677852160

14 84 -12440 -3459792 -336941664 -936816704 1524979328 1080971264 1869085184

Table A.8: Witten Index for m× n hexagonal dimer lattice (type F)

2 4 6 8 10 12 14 16 18 20 22 24 26 28

2 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1

4 1 -1 1 3 1 -1 1 3 1 -1 1 3 1 -1

6 -1 1 -4 1 -1 4 -1 1 4 -1 1 -4 -1 1

8 1 3 1 7 1 3 1 7 1 3 1 7 1 3

10 -1 1 -1 1 9 1 -1 1 -1 11 -1 1 -1 1

12 1 -1 4 3 1 14 1 3 4 -1 1 18 1 -1

14 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1

Table A.9: Witten index for m× n square lattice with holes (type G)

3 6 9 12 15 18 21 24 27 30

3 0 2 0 2 0 2 0 2 0 2

6 2 2 2 2 2 2 2 2 2 2

9 0 2 0 2 0 2 0 2 0 2

12 2 2 2 2 2 2 2 2 2 2

Table A.10: Witten index for m× n square lattice with holes (type H)

1 2 3 4 5 6 7 8 9 10 11 12

1 0 -1 -1 0 1 1 0 -1 -1 0 1 1

2 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1

3 -1 1 -1 -1 1 -1 1 1 -1 1 -1 -1

4 0 1 -1 2 -1 3 -2 3 -3 4 -3 5

5 1 -1 1 -1 1 1 -1 3 -1 1 1 -3

6 1 -1 -1 3 1 -3 1 5 -1 -5 3 5

7 0 1 1 -2 -1 1 2 3 -1 -2 -1 -1

8 -1 1 1 3 3 5 3 3 3 3 -1 1

9 -1 -1 -1 -3 -1 -1 -1 3 3 1 5 1

10 0 -1 1 4 1 -5 -2 3 1 2 -1 3

11 1 1 -1 -3 1 3 -1 -1 5 -1 1 1

12 1 1 -1 5 -3 5 -1 1 1 3 1 5

Table A.11: Witten index for m×n square lattice (type A) with open boundary
conditions
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A.2 The First Two Transfer Matrices

For reference, we give the first two non-trivial calculated transfer matrices of all
lattice types as well. For the square lattice (type A) these are:




1 −1 −1
1 0 −1
1 −1 0


 ,




1 −1 −1 −1
1 0 −1 −1
1 −1 0 −1
1 −1 −1 0


 .

For the square dimer lattice (type B):

(
1 −1
1 0

)
,




−1 −1 −1 1
1 0 −1 0
1 −1 0 0
1 0 0 0


 .

For the triangular lattice (type C):




1 −1 −1
1 0 0
1 0 0


 ,




1 −1 −1 −1
1 0 0 −1
1 −1 0 0
1 0 −1 0


 .

For the triangular dimer lattice (type D):




1 −1 −1
1 0 0
1 0 0


 ,




−1 −1 −1 −1 1 −1 1
1 −1 0 0 0 −1 0
1 −1 0 0 0 −1 0
1 0 −1 −1 0 0 0
1 0 0 0 0 0 0
1 0 −1 −1 0 0 0
1 0 0 0 0 0 0




.

For the hexagonal lattice (type E) we show the horizontal brick wall versions:



−1 1 0
0 0 −1

−1 1 0


 =




1 −1 −1
1 0 −1
1 −1 −1


×




1 −1 −1
1 −1 −1
1 −1 0







−1 1 1 1 −1 1 0

−1 1 1 1 −1 1 0

−1 1 1 1 −1 1 0

−1 1 1 1 −1 1 0

0 0 0 0 0 0 1

−1 1 1 1 −1 1 0

−1 1 1 1 −1 1 0




=




1 −1 −1 −1 1 −1 1

1 0 −1 −1 0 −1 1

1 −1 −1 −1 1 −1 1

1 −1 −1 0 0 −1 1

1 0 −1 0 0 −1 1

1 −1 −1 −1 1 −1 1

1 −1 −1 −1 1 −1 1



×




1 −1 −1 −1 1 −1 1

1 −1 −1 −1 1 −1 1

1 −1 0 −1 1 −1 0

1 −1 −1 −1 1 −1 1

1 −1 −1 −1 1 −1 1

1 −1 −1 −1 1 0 0

1 −1 0 −1 1 0 0



.

In order to implement the periodic boundary conditions in a natural way, we
took two rows at once, resulting in a higher dimensional matrix. We took two
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columns at once as well, resulting in a transfer matrix that is the product of
two differing transfer matrices. The matrices displayed therefore correspond to
a 2×2 lattice and a 4×4 lattice respectively. The same applies to the hexagonal
dimer lattice (type F), where we get:



−2 2 2
−2 1 1
−2 1 1


 =




0 −1 −1
1 −1 −1
1 −1 −1


×




0 −1 −1
1 −1 −1
1 −1 −1


 .




2 −2 −2 −2 2 −2 2

2 −1 −1 −1 0 −1 0

2 −1 −1 −1 0 −1 0

2 −1 −1 −1 0 −1 0

2 0 0 0 −1 0 −1

2 −1 −1 −1 0 −1 0

2 0 0 0 −1 0 −1




=




0 0 0 0 1 0 1

0 0 −1 −1 1 0 1

0 −1 0 0 1 −1 1

0 −1 0 0 1 −1 1

1 −1 −1 −1 1 −1 1

0 0 −1 −1 1 0 1

1 −1 −1 −1 1 −1 1



×




0 0 0 0 1 0 1

0 0 0 −1 1 −1 1

0 0 0 −1 1 −1 1

0 −1 −1 0 1 0 1

1 −1 −1 −1 1 −1 1

0 −1 −1 0 1 0 1

1 −1 −1 −1 1 −1 1



.

The square lattice with small holes (G) has a matrix product as well. We
show the first nontrivial matrix only:




0 −1 0
1 −1 −1
0 −1 0


 =




1 −1 0
1 0 0
1 −1 0


×




1 −1 −1
1 0 −1
1 −1 0


 .

The square lattice with large holes (H) is the product over three matrices:




−1 0 1 1
0 −1 0 0

−1 0 1 1
−1 0 1 1


 =




1 −1 0 0
1 0 0 0
1 −1 0 0
1 −1 0 0




2

×




1 −1 −1 −1
1 0 −1 −1
1 −1 0 −1
1 −1 −1 0


 .

We have also calculated the transfer matrices for the square lattice with open
boundary conditions in the row directions. The first two of these are:




1 −1 −1
1 0 −1
1 −1 0


 ,




1 −1 −1 −1 1
1 0 −1 −1 0
1 −1 0 −1 1
1 −1 −1 0 0
1 0 −1 0 0



.

A.3 Transfer Matrix Eigenvalues

We include tables of the largest eigenvalues of the different n transfer matri-
ces for all lattices, except for the square lattice. The special structure of the
characteristic polynomial for this lattice is treated exhaustively in chapter 6.
For the square lattice with small holes (G) we give a table of nonzero eigenval-
ues. Note that we include in this table odd lattice sizes as well, even though
smooth boundaries require that we restrict ourselves to even lattice sizes when
calculating the Witten index.
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n λ |λ| arg λ (0 . . . 2π )
1 0.500000 ± 0.866025 i 1.00000 1.04720, 5.23599
2 -1.17660 ± 1.20282 i 1.68261 2.34518, 3.93801
3 -2.27123 ± 0.340625 i 2.29663 2.99273, 3.29046
4 -0.490418 ± 3.01903 i 3.05860 1.73183, 4.55135
5 3.44908 ± 2.27701 i 4.13291 0.58350, 5.69969
6 4.71045 ± 2.81830 i 5.48919 0.53918, 5.74401
7 -0.809728 ± 7.22990 i 7.27510 1.68233, 4.60086
8 -9.19675 ± 3.05383 i 9.69052 2.80954, 3.47365
9 -8.81616 ± 9.36344 i 12.86074 2.32610, 3.95709

10 6.38666 ± 15.8376 i 17.0769 1.18748, 5.09570

Table A.12: Largest Eigenvalues of the square dimer lattice (B)

n λ |λ| arg λ (0 . . . 2π )
1 1.0 ± 0.0 1.0 0.0 , 0.0
2 0.500000 ± 1.32288 i 1.41422 1.20943, 5.07376
3 0.0 ± 1.41421 i 1.41421 1.57080, 4.71240
4 -1.15730 ± 1.30515 i 1.74435 2.29622, 3.98696
5 -1.79934 ± 0.71798 i 1.93730 2.76193, 3.52126
6 -2.15634 ± 0.54456 i 2.22404 2.89423, 3.38896
7 -1.83689 ± 1.76914 i 2.55030 2.37498, 3.90821
8 -0.62330 ± 2.82050 i 2.88855 1.78829, 4.49490
9 1.07058 ± 3.15105 i 3.32795 1.24328, 5.03990

10 2.94823 ± 2.35410 i 3.77278 0.67381, 5.60937
11 4.30609 ± 0.51027 i 4.33622 0.11795, 6.16524
12 4.45102 ± 2.12221 i 4.93106 0.44491, 5.83828
13 3.03138 ± 4.76989 i 5.65165 1.00466, 5.27852

Table A.13: Largest Eigenvalues of the triangular lattice (C)

n λ |λ| arg λ ( 0 . . . 2π )
2 0.500000 ± 1.32288 i 1.41422 1.20943, 5.07376
4 -1.81718 ± 1.73302 i 2.51108 2.37989, 3.90329
6 -3.66859 ± 1.61419 i 4.00801 2.72708, 3.55610
8 0.227449 ± 6.40125 i 6.40529 1.53528, 4.74791

10 9.57664 ± 3.47841 i 10.18879 0.34840, 5.93478
12 10.8403 ± 12.0529 i 16.2106 0.83832, 5.44487

Table A.14: Largest Eigenvalues of the triangular dimer lattice (D)
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n λ |λ| arg λ (0 . . . 2π )
2 -0.50000 ± 0.86603 i 0.99998 2.09439, 4.18879
4 2.61803 ± 0.0 i 2.61803 0.0 , 6.28319
6 -1.57709 ± 1.99977 i 2.54682 1.15315, 5.13004
8 2.61803 ± 0.0 i 2.61803 0.0 , 6.28319

10 -2.23739 ± 3.28689 i 3.97612 2.16845, 4.11473
12 5.63410 ± 0.0 i 5.63410 0.0 , 6.28319

Table A.15: Largest Eigenvalues of the hexagonal lattice (E)

n λ |λ| arg λ (0 . . . 2π )
2 0.0 ± 2.0 i 2.0 1.57080, 4.71239
4 -2.69562 ± 2.05770 i 3.39124 2.48960, 3.79358
6 6.88804 ± 1.45494 i 7.04002 0.20817, 6.07502
8 2.02486 ± 16.0105 i 16.1380 1.44499, 4.83819

10 -30.2440 ± 7.51608 i 31.1639 2.89801, 3.38517
12 35.8851 ± 50.4386 i 61.9015 0.95242, 5.33077

Table A.16: Largest Eigenvalues of the hexagonal dimer lattice (F)

n Dn arg λ in units of π, nonzero λ only
1 1 0
2 3 1
3 4 0, 1
4 7 0, ± 1

2
5 11 0(2×), 1
6 18 ± 1

3 , 1(2×)
7 29 1
8 47 0(2×),± 1

2 , 1(2×)
9 76 ± 1

3
10 123 0(2×),± 2

5 (2×),± 4
5 (2×), 1

Table A.17: Eigenvalues of square lattice with holes (G)
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Appendix B

Samples of Source Code

During the research a number of computer programs were written. Use was
made both of c++ and Maple. Sometimes c++ routines were written that had
as their output Maple code. The reason for this is that in Maple adequate rou-
tines are available for the diagonalisation of large matrices and working with
complex numbers. The matrix routines were very convenient because program-
ming a good matrix diagonalisation routine, while not especially difficult, can
become time consuming if one has to include all possible types of matrices,
like defective matrices. There is also no standard routine in the GNU scientific
library available for defective matrices.

Small C++ programs to calculate the transfer matrices for the various lat-
tices have been written. Some Maple code was written to implement the algo-
rithms of the CTM approximations explained in chapter 7. A small program
was written to construct the 34 dimensional 3 × 3 plane-to-plane matrix from
chapter 8. Also two auxiliary libraries were written, a linear algebra library and
a tiny library containing a few useful mathematical functions. All programs are
available at http://staff.science.uva.nl/~hveerten/thesis/programs/.

B.1 The Square lattice Witten Index

Because all algorithms are explained in detail in the thesis and the source code
is available on the web, we will just include the code of a single program in this
appendix. The program generates the transfer matrices for the square lattice.
It contains a few routines and a section main, where a specific call is made to
one of the routines. For every different matrix size etc. one needs make a small
change here and recompile the program. This is efficient, but not very user
friendly.

A note on the ordening of the different states. In the programs we exploit
the mapping to binary numbers to a maximum. This means for example that
for a four column lattice the states are ordered as follows: 0000, . . . , 1010 →
v0, . . . , v6 → |0〉 , . . . , |1, 3〉.
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Finally, there is a small discrepancy in the notation used in the programs,
as compared to that of the thesis. In the notation of the programs, we are
calculating column-to-column transfer matrices instead of row-to-row matrices.
There is of course no diffference in the end.

1 /* Witten_A.cpp

2

3 This program accompagnies the thesis ’supersymmetric lattice models’.

4

5 The purpose of this program is to genereate transfermatrices / eigenvalues etc.

6 for the SUSY square lattice spinless fermion model (Lattice A in the thesis).

7

8 Hendrik van Eerten, friday 1st 2005

9

10 -------------------------------------------

11

12 Conventions:

13

14 - If a variable name consists of more words, I put _ between them.

15 - A variable only has small caps.

16 - The first letter of a new type is capital.

17 - Private variables are preceded by p_

18 - A line of comment without indentation contains comment on the lines following

19 it.

20 - A line of comment with indentation refers to the previous line.

21

22 */

23

24 #include <math.h>

25 #include <stdlib.h>

26 #include <stdio.h>

27 #include "math_extra.cpp"

28 #include "linear_algebra.cpp"

29

30 /******************************************************************************/

31

32 class List_of_configurations

33 {

34 /* list of legal configurations (e.g. with no neighbouring sites occupied). The

35 list generates a mapping from configurations to matrix indices, starting at 0. */

36 private:

37

38 unsigned long p_number_of_configurations; /* contains total number of legal

39 configurations */

40 unsigned long long *p_comp; // array containing the configurations as binary numbers

41 unsigned int *p_fermions; // this stores how many fermions in a configuration

42 bool p_initialized; // bool flag, true if memory is allocated

43 unsigned int p_n; // stores the number of sites

44

45 unsigned long Lucas_number(unsigned int n)
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46 /* Generates the n-th Lucas number. The dimension for the n column transfer matrix

47 was given by this number */

48 {

49 if (n > 2) return Lucas_number(n-1) + Lucas_number(n-2);

50 if (n == 2) return 3;

51 if (n == 1) return 1;

52 return 0;

53 }

54

55 unsigned long calculate_number_of_configurations(unsigned int n)

56 /* This calculates how many configurations are possible on an n site string */

57 {

58 return Lucas_number(n);

59 }

60

61 public:

62

63 unsigned long length()

64 {

65 return p_number_of_configurations; // returns the number of configurations

66 }

67

68 unsigned long long element(unsigned long i) // returns a given element

69 {

70 // NB: counter starts at zero everywhere!

71 return p_comp[i];

72 }

73

74 void set_fermion_number(unsigned int i, unsigned long long c)

75 {

76 unsigned long long bit; // counter over all bits

77 unsigned long long tempconfig=c; // temporary device for calculating

78

79 p_fermions[i] = 0; // clear the variable

80

81 /* here follows a loop over all bit sites. We keep right shifting tempconfig and

82 checking if the rightmost bit is occupied. If it is we have another fermion */

83 for (bit = 0; bit < p_n; bit++)

84 {

85 if (tempconfig & 1) p_fermions[i]++;

86 tempconfig = tempconfig >> 1;

87 if (tempconfig == 0) bit = p_n; /* break the loop when all fermions

88 counted */

89 }

90 }

91

92 unsigned int fermion_number(unsigned long i)

93 {

94 // return the fermion number of the configuration with index i

95 return p_fermions[i];
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96 }

97

98 int generate_list(unsigned int n)

99 {

100 if (p_initialized) return 1; // memory already allocated

101

102 p_n = n; // store the length of the chain

103

104 unsigned int i = 0; // counter keeping track of index

105 unsigned long long maximum; // 2^n, all possible options on n site chain

106 unsigned long long c; // loop variable

107

108 p_number_of_configurations = calculate_number_of_configurations(n);

109 p_comp = new unsigned long long[p_number_of_configurations];

110 p_fermions = new unsigned int[p_number_of_configurations];

111 /* allocate the memory */

112

113 /* start loop over all possible legal & illegal configurations */

114

115 maximum = (unsigned) power(2, (signed) n);

116 for(c = 0; c< maximum ;c++)

117 if( !(c & periodic_right_shift(c, n))) /* check if no neighbouring sites

118 occupied */

119 { // if so, then add a new legal configuration and increase index

120 p_comp[i] = c;

121 set_fermion_number(i,c); /* calculates and stores fermion number

122 of configuration c with index i */

123 i++;

124 }

125

126 p_initialized = true; // flag to prevent double allocation of memory

127

128 return 0;

129 }

130

131 List_of_configurations(unsigned int n)

132 {

133 p_initialized = false;

134 generate_list(n);

135 }

136

137 List_of_configurations()

138 {

139 p_initialized = false;

140 }

141

142 ~List_of_configurations()

143 {

144 delete[] p_comp; // clear the memory

145 delete[] p_fermions; // clear the memory

94



146 }

147 };

148

149 /******************************************************************************/

150

151 class Transfer_matrix : public Matrix // inherits properties of class matrix

152 {

153 private:

154

155 List_of_configurations p_configs; // contains the legal configurations

156

157 public:

158

159 Transfer_matrix(unsigned int m) // m the number of rows

160 {

161 unsigned long r,c; // loop variables running over rows & columns

162

163 p_configs.generate_list(m);

164 allocate(p_configs.length(), int_matrix);

165

166 // start a loop over all transfer matrix indices

167 for (r=0;r<p_configs.length();r++)

168 for (c=0;c<p_configs.length();c++)

169 {

170 /* check with simple AND if left (r) and right (c) element are allowed as

171 neighbouring configurations. */

172 if ( p_configs.element(r) & p_configs.element(c) ) assign(r,c, (int) 0);

173 else assign(r,c, (int) power(-1, p_configs.fermion_number(c) ) );

174 }

175

176 // p_TM.print();

177 }

178

179 ~Transfer_matrix()

180 {

181 free();

182 }

183

184 };

185

186 /******************************************************************************/

187

188 void draw_index_table(unsigned int r, unsigned int c)

189 // this generates a Witten index table

190 {

191 unsigned int cr, cc; // loop variables

192

193 for (cr=0;cr<r;cr++)

194 {

195 Transfer_matrix TM(cr+1); // the transfer matrix
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196 Matrix current(TM.size(), int_matrix); // contains T^n

197 Matrix temp(TM.size(), int_matrix); // needed for matrix product

198 current.unify(); // start with unit base matrix

199

200 for (cc=0; cc<c; cc++)

201 {

202 matrix_multiply(temp, current, TM);

203 printf("%5d ",temp.int_trace());

204 fflush stdout; // flush buffer so result appear on screen faster

205 matrix_copy(current, temp); // store new results

206 }

207 printf("\n");

208 }

209 }

210

211 void generate_maple_output(unsigned int m)

212 /* this prints the maple source code for calculating the eigenvalues of the m-th

213 transfer matrix. This output can be piped to maple directly or through a sepearate

214 file. */

215 {

216 unsigned int row, column;

217

218 Transfer_matrix TM(m); // the transfer matrix is generated with m rows

219

220 printf("restart;\nwith(linalg):\nT:= ");

221 printf("evalf(matrix([");

222

223 for (row=0; row < TM.size(); row++)

224 {

225 printf("[");

226 for (column=0; column<TM.size(); column++)

227 {

228 printf("%ld",TM.int_element(row,column));

229 if (column < ( TM.size() - 1) ) printf(",");

230 }

231 printf("]");

232 if (row < ( TM.size() - 1) ) printf(",");

233 }

234

235 printf("]),5):\n");

236 printf("evalf(eigenvals(T),4);\n");

237 printf("map(polar,[%%]);\n");

238 }

239

240 /******************************************************************************/

241

242

243 int main()

244 {

245 Transfer_matrix TM(4);
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246 TM.print();

247 // generate_maple_output(3);

248

249 return 0;

250 }
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